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Abstract

Motivated by the need to identify erroneous depth estimates, various methods for the estimation

of uncertainty in the context of dense stereo matching have been presented in the literature in

recent years. Especially, the introduction of deep learning-based methods and the accompanying

significant improvement in accuracy have greatly increased the popularity of uncertainty estimation

for dense stereo matching. Despite this remarkable development, most of the methods presented

exclusively address the estimation of the uncertainty that arises from the data, called aleatoric un-

certainty, and focus on the employed functional model only. In contrast, the epistemic uncertainty,

which is embedded in the employed model and commonly caused by simplifications or incorrect

model assumptions, is often neglected. However, to accurately quantify the uncertainty inherent

in a process, it is necessary to consider all potential sources of uncertainty and to model their

stochastic behaviour appropriately.

To approach this objective, the estimation of both, aleatoric and epistemic uncertainty in the

context of dense stereo matching is addressed in this thesis. For the purpose of aleatoric uncertainty

estimation, a novel Convolutional Neural Network architecture is presented that is trained with

different stochastic models that are developed in the context of this work and that follow the

concept of Bayesian deep learning. The quantification of epistemic uncertainty, on the other hand,

is realised using a Bayesian Neural Network trained with variational inference. Combining both

approaches, in this thesis a new holistic method to jointly estimate disparity and uncertainty is

presented, taking into account both aleatoric and epistemic uncertainty.

To evaluate the performance of the method proposed and to investigate strengths and limitations,

extensive experiments are carried out on four datasets considering real-world indoor and outdoor

scenes. The results of these experiments demonstrate that both the functional and the stochastic

models used to estimate aleatoric uncertainty outperform state-of-the-art methods in almost all

scenarios. Moreover, it can be shown that the usage of a Bayesian Neural Network instead of

a deterministic variant not only allows for epistemic uncertainty estimation, but also supports

the task of dense stereo matching itself, reducing the amount of errors contained in the disparity

maps obtained. Finally, the evaluation reveals the importance of considering both, aleatoric and

epistemic uncertainty in order to achieve an accurate estimation of the overall uncertainty related

to a depth estimate.

Keywords: Dense Stereo Matching, Depth Reconstruction, Uncertainty Quantification, Deep

Learning, Bayesian Neural Network
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Kurzfassung

Motiviert durch die Notwendigkeit fehlerhafte Tiefenschätzungen identifizieren zu können, wur-

den in den letzten Jahren verschiedene Methoden zur Abschätzung der Unsicherheit im Kontext

der dichten Bildzuordnung vorgestellt. Insbesondere das Aufkommen von Methoden basierend auf

dem Konzept des tiefen Lernens und der damit einhergehenden signifikanten Verbesserund der

Genauigkeit, haben zur Steigerung der Popularität dieses Forschungsfeldes beigetragen. Von dieser

bemerkenswerten Entwicklung abgesehen, beschäftigen sich die meisten dieser Methoden jedoch

ausschließlich mit der Unsicherheit, die sich aus den Daten ergibt, auch aleatorische Unsicherheit

genannt, und fokussieren sich dabei allein auf das funktionale Modell. Die epistemische Unsicher-

heit, die der verwendeten Bildzuordnungsmethode innewohnt und sich aus Vereinfachungen und

inkorrekten Modellannahmen ergibt, wird hingegen häufig vernachlässigt. Um die Unsicherheit

eines Prozesses jedoch akkurat bestimmten zu können, ist es notwendig, alle potenziellen Unsicher-

heitsquellen zu berücksichtigen und deren stochastisches Verhalten korrekt zu modellieren.

Auf dem Weg zu diesem Ziel, befasst sich diese Thesis mit der Abschätzung beider Arten von

Unsicherheit im Rahmen der dichten Bildzuordnung. Zu diesem Zweck wird eine neue Convolu-

tional Neural Network Architektur sowie verschiedene stochastische Modellen, die dem Konzept des

Bayes’schen tiefen Lernens entsprechen, zur Abschätzung der aleatorischen Unsicherheit vorgeschla-

gen. Die Quantifizierung der epistemischen Unsicherheit wird hingegen über ein Bayes’sches Neu-

ronales Netz realisiert, welches mittels Variationsinferenz trainiert wird. Mit der Kombination

dieser beiden Ansätze, wird in dieser Thesis eine ganzheitliche Methode zur gemeinsamen Ab-

schätzung von Disparität und zugehöriger Unsicherheit vorgestellt, in welcher sowohl aleatorische

wie auch epistemische Unsicherheiten berücksichtigt werden.

Zur Evaluierung der vorgeschlagenen Methodik und zur Untersuchung ihrer Stärken und Lim-

itierungen, wird eine Reihe an Experimenten auf vier verschiedenen Datensätzen durchgeführt,

wobei sowohl Innen- wie auch Außenszenen berücksichtigt werden. Die Ergebnisse dieser Exper-

imente belegen, dass sowohl das vorgeschlagene funktionale wie auch die stochastischen Modelle

zur Abschätzung der aleatorischen Unsicherheit mit dem Stand der Technik mithalten können und

diesen in vielen Szenarien sogar übertreffen. Zudem kann gezeigt werden, dass die Verwendung

eines Bayes’schen Neuronalen Netzes neben der Abschätzung der epistemischen Unsicherheit auch

zur Verbesserung der Genauigkeit der bestimmten Disparitätskarten beiträgt. Abschließend unter-

streicht die Evaluierung die Bedeutung der Berücksichtigung beider Arten von Unsicherheit, um

die Gesamtunsicherheit einer Tiefenschätzung akkurat bestimmen zu können.

Keywords: Dichte Bildzuordnung, Tiefenrekonstruktion, Unsicherheitsquantifizierung, Tiefes

Lernen, Bayes’sches Neuronales Netz
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Nomenclature

Abbreviations

BN Batch Normalisation

BNN Bayesian Neural Network

CCNN Confidence Convolutional Neural Network

CNN Convolutional Neural Network

CVA-Net Cost Volume Analysis Network

ELBO Evidence Lower Bound

GC-Net Geometry and Context Network

KL Kullback-Leibler

LFN Late Fusion Network

LGC-Net Local-Global Confidence Network

MAE Mean Absolute Error

MCMC Markov Chain Monte Carlo

MLP Multilayer Perceptron

PER Pixel Error Rate

ReLU Rectified Linear Unit

RMSE Root Mean Squared Error

RNN Recurrent Neural Network

SGM Semi-global matching

VI Variational Inference

Symbols

KL (·|·) Kullback-Leibler divergence of two probability distributions

d̂ Single ground truth disparity value

p Pixel in a digital image, with p = (x, y) indicating its location as column and row

Ap Local neighbourhood around a pixel p

D Set of training or test data (containing pixels with known reference disparity only)

L Loss function

φ Unknown parameters of a variational distribution

C Cost volume (corresponding to the left image of a stereo pair)



vi Symbols

D Disparity map (corresponding to the left image of a stereo pair)

Ix Image with x ∈ {L,R} referring to the left or right image of a stereo pair

Ux Uncertainty map with x ∈ {A,E} referring to aleatoric or epistemic uncertainty,

where Ux is expressed as a variance σ2
x per pixel

θ Unknown parameters of a neural network

d Single disparity estimate

f Function representing the dense stereo matching process, with f (x), x ∈ {a, c, d}
being individual stages of this process

k Index of a Monte Carlo sample
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1 Introduction

The reconstruction of depth information from a stereoscopic image pair is a classical task in pho-

togrammetry as well as in computer vision, while two such images also represent the minimum

input for the well-known structure from motion problem. The latter refers to the concept of recov-

ering 3D structures from the projected 2D motion field of a scene acquired with a moving sensor.

A special case of this task is dense stereo matching, in which depth information is determined for

every or at least a large majority of pixels within an image pair. Even after decades of intensive

research, research questions on the topic of dense stereo matching remain open or newly arise due

to novel technical possibilities, characterising this topic as a highly active field of research. The

relevance and great interest in this topic is further demonstrated by the broad spectrum of its cur-

rent deployment: Applications from the domains of robotics, the automotive industry, the medical

sector as well as the creation of digital environment and surface models are often built on top of

depth information obtained by dense stereo matching.

Independent of this success story and the often convincing results, image-based depth reconstruc-

tion remains to be a challenging task. The reason for its difficulty can be illustrated by interpreting

depth reconstruction as the inverse operation to a perspective projection: Since projecting a 3D

scene to a 2D image plane results in a dimensionality reduction, the inverse operation does not have

a unique solution in general. To determine a solution nevertheless, the identification of point cor-

respondences between the two images of a stereo pair is typically a prerequisite. Whereas humans

are able to estimate the depth of objects with the greatest of ease in various situations, particu-

larly demanding conditions, such as poor illumination, low-textured or non-Lambertian surfaces

as well as occlusions, still pose a great challenge to related algorithms. The ambiguities that arise

from such conditions may prevent dense stereo matching approaches from identifying the correct

correspondences for all pixels and thus characterises stereo image-based depth reconstruction as

an ill-posed task. Most approaches presented in the literature, however, focus on maximising the

accuracy for a specific application and data domain, while neglecting the problem of potentially

incorrect matching results by treating all depth estimates as equally reliable. However, it is often

possible to assess how trustworthy the estimated depth information is. This task becomes crucial

for safety-critical applications: Assigning a high level of uncertainty to erroneous predictions can

prevent a system from taking wrong decisions with potentially fatal consequences.

As in many other fields, the introduction of deep learning into dense stereo matching brought a

significant improvement in accuracy. Nevertheless, this type of approach is in general very sensitive

to all kinds of variations contained in the data to be processed (Tonioni et al., 2017), as a specific

characteristic can typically only be handled if it has been learned during training. A situation

not observed during this phase, on the other hand, will lead to a poor matching accuracy with
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high probability. This implies that assumptions sometimes explicitly formulated for hand-crafted

matching approaches, are implicitly introduced to learned approaches by the selection of training

data also. Due to the high range of variations within the real world, however, it is probably

impossible to provide divers enough training data to learn all relevant characteristics necessary

to reliably operate in a real world scenario (Zendel et al., 2017). Thus, the use of learning-based

techniques leads to an aggravation of the tension between accuracy and reliability in real world

settings, which already became evident in the context of conventional approaches. Consequently,

the quantification of uncertainty remains an important topic, especially in the context of deep

learning-based stereo matching.

1.1 Problem Statement

To accurately quantify the uncertainty inherent in a process, it is necessary to consider all potential

sources of uncertainty. In this context, two types of uncertainties are generally distinguished, fol-

lowing the taxonomy introduced by Hacking (1975): aleatoric and epistemic uncertainty. Aleatoric

uncertainty is contained in the data and caused by variable, non-deterministic or simply unpre-

dictable behaviour of a process under consideration. In contrast, epistemic uncertainty accounts

for incorrect or inaccurate model hypotheses. Interpreting this differentiation in a Bayesian way,

aleatoric uncertainty can be modelled as a probability distribution over the predictions, whereas

epistemic uncertainty refers to a probability distribution over the parameters of a model.

To address the task of aleatoric uncertainty estimation for dense stereo matching, several hand-

crafted as well as deep learning-based approaches have been presented in the literature already.

However, most of them do not interpret this task in a Bayesian way, resulting in a unit-less mea-

sure of reliability, typically between zero and one. Such results are not only hard to interpret

and of limited expressiveness for applications built on top of depth information obtained via dense

stereo matching, but it is also not trivial to combine them with uncertainties originating from other

sources. In contrast, the quantification of epistemic uncertainty is rarely discussed in the literature

with respect to more complex tasks from the field of photogrammetry, which is particularly true

for dense stereo matching. The proper parametrisation of a complex model is already a challenging

task commonly approached empirically. Consequently, it is even more difficult to not only estimate

a point value characterising a parameter, but a probability distribution. However, recent develop-

ments in the field of Bayesian deep learning, and Bayesian Neural Networks (BNNs) in particular,

promise to allow learning this information from training data.

In this thesis, the task of uncertainty quantification in the context of dense stereo matching is

approached from a Bayesian perspective. For this purpose, different techniques from the domain of

Bayesian deep learning are adapted and newly developed to jointly estimate aleatoric and epistemic

uncertainty. In this context, research questions related to the following aspects are investigated:

• Which information is valuable for the prediction of the aleatoric uncertainty associated to

a disparity estimate? How can useful features be extracted from this information and what

assumptions need to be made in this context?



1.2 Contributions 3

• How is the uncertainty of disparity estimates distributed and which conclusions can be drawn

from this distribution with respect to the formulation of a reasonable uncertainty model?

Which specific characteristics need to be considered and which simplifications might be ac-

ceptable?

• Which opportunities exist to quantify epistemic uncertainty, and are BNNs a reasonable

choice considering theoretical as well as practical aspects? What are the consequences of

transforming a Convolutional Neural Network (CNN) from a deterministic to a probabilistic

formulation? Which assumptions and simplifications need to be made in order to be able

to train such a network? How are the quality of the depth estimates and the predicted

uncertainties affected and are there any trade-offs between the two to be investigated or

balanced?

1.2 Contributions

To address the previously described problem, a new holistic approach for the task of uncertainty

quantification in the context of dense stereo matching is presented in this work. For this purpose,

aleatoric as well as epistemic uncertainty are modelled in a Bayesian deep learning framework,

resulting in the following main contributions:

• Design of a novel CNN architecture able to predict different measures of uncertainty, such

as confidence scores or standard deviations under the assumption of a certain probability

distribution. This network operates on cost volumes, which promise to contain more infor-

mation than disparity maps, which are extracts of such volumes considering only disparity

values with minimal cost. Moreover, the presented approach is able to process cost volumes

originating from various dense stereo matching methods and allows to estimate the associated

uncertainty either subsequent to the depth reconstruction or as part of it, estimating depth

and uncertainty jointly.

• Development of two novel probabilistic mixture models to quantify aleatoric uncertainty in

the context of dense stereo matching. Building on a Laplacian distribution used as a baseline,

these models consider the ability to locate the true disparity with respect to the characteristics

of the observed scene or the influence of random noise, respectively. Thus, the proposed

models overcome the limitations of widely used confidence-based approaches that are unable

to quantify the uncertainty in pixels or metric units, as well as those of the uni-modal baseline

which often oversimplifies the actual error distribution by stating strong assumptions that

are only valid for some of the disparity estimates.

• Realisation of a BNN, which allows to jointly estimate depth and epistemic uncertainty.

For this purpose, an end-to-end trainable CNN architecture is adapted, which has already

proven to be well-suited for the task of dense stereo matching. More precisely, probabilistic

convolutional layers are incorporated, which are trained using Variational Inference (VI).
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• Combination of the concepts proposed for the estimation of aleatoric and epistemic uncer-

tainty. The resulting approach allows to estimate depth as well as aleatoric and epistemic

uncertainty jointly.

1.3 Thesis Outline

In the remainder of this thesis, first an overview of relevant fundamentals on the topics of dense

stereo matching, uncertainty quantification and deep learning are provided in Chapter 2. In this

context, special emphasis is put on common challenges that cause uncertainty in image-based depth

reconstruction processes as well as on the Bayesian deep learning framework which serves as basis for

the proposed methodology. In Chapter 3, relevant literature is reviewed and discussed considering

both, works that focus on the task of dense stereo matching itself as well as those that investigate

uncertainty quantification related to this task. A new method for uncertainty estimation in the

context of dense stereo matching is presented in Chapter 4, elaborating on individual approaches

for the quantification of aleatoric (Sec. 4.2) and epistemic uncertainty (Sec. 4.3) first, before fusing

them into a joint estimation procedure (Sec. 4.4). In Chapter 5, the experimental setup of this work

is introduced, including a review of the datasets used, an overview of the training procedures of the

presented deep learning-based approaches as well as a discussion of the metrics used to evaluate the

results, which are presented and discussed in Chapter 6. Finally, this thesis closes with conclusions

and an outlook on potential future works in Chapter 7.
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2 Basics

The concepts presented in this thesis correspond to the field of uncertainty quantification in the

context of dense stereo matching and are based on techniques from the deep learning domain. Thus,

in this chapter, basic definitions and a taxonomy commonly used to examine dense stereo matching

approaches are reviewed first, see Section 2.1. In Section 2.2, the field of uncertainty quantification

is briefly introduced, focusing on the differentiation into aleatoric and epistemic uncertainty and

their interpretation in the context of dense stereo matching. Finally, basic concepts of deep learning

are reviewed in Section 2.3. Due to the application domain relevant for the present work, a more

detailed discussion is given on the idea of CNNs, which are commonly employed in the context

of image-related tasks, as well as the idea of BNNs, which inter alia allow to estimate epistemic

uncertainty.

2.1 Dense Stereo Matching

The objective of dense stereo matching is the determination of correspondences for all pixels of a

specified reference image in one or multiple other images that show the same scene from slightly dif-

ferent viewpoints. With respect to the term stereo, derived from the Greek word στερεoζ (stereos),

such correspondences describe a spatial relation in the sense that they depict the same point in

3D object space. Thus, with the identification of matching image points, stereo matching allows to

reconstruct depth information via triangulation, that was lost due to the dimensionality reduction

taking place as part of the imaging process.

2.1.1 Terminology and Practical Simplifications

In the general case, in which no information regarding the spatial alignment of the images is

provided, all pixels must be considered when searching for correspondences. However, since this

procedure is computational intensive and prone to errors caused by ambiguities, in the context of

this work, the intrinsic orientations of all images as well as the relative orientations between the

images is assumed to be known. Introducing this assumption, the search space can be reduced from

the entire image to an epipolar line, thus simplifying the matching task from 2D to 1D (cf. Fig. 2.1a).

Additionally, only the two image case (a reference image plus one matching image) is considered

and it is assumed that the view point deviation between these images mainly consists of a shift in

the direction of the x axis of the reference image. For simplicity, these images will be referred to
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L

R

(a) Epipolar geometry

L R

(b) Planar rectification

Figure 2.1: Simplification of the matching process with known stereo calibration. (a) The relation

of a stereo image pair with known intrinsic and relative orientation can be described via epipolar

geometry, where O′, O′′ are the projection centres and R, t are the rotation and translation

between these centres. If two points p′ and p′′ depict the same object point P in the left

and right image, respectively, p′′ is located on the epipolar line e′′ corresponding to p′, which

reduces the complexity of the matching task from 2D to 1D. (b) A planar rectification further

simplifies the matching procedure, because all epipolar lines e are parallel and horizontal so that

corresponding points are located in the same image row in both images.

as left and right image in the remainder of this work, with the left image being considered as the

reference image.

The combination of the previously introduced assumptions allows the application of a planar

rectification which projects both images to a common image plane. As a result of this rectification,

the optical axes of both cameras are parallel and all epipolar lines are horizontally aligned. In

consequence, corresponding pixels are located in the same image row in both images, as illustrated

in Figure 2.1b, which further simplifies the matching process from a practical perspective. The

deviation between the image columns x of corresponding pixels in the left and right image, is

referred to as disparity or parallax d and can be described as d = xL−xR. Such disparity allows to

draw conclusions regarding the distance between the common image plane of the reference and the

matching image and the corresponding 3D point in the model coordinate system. While a disparity

of zero implies parallel viewing rays and thus an infinite distance, the higher the disparity, the closer

the associated three-dimensional object point is located to the common image plane (see Fig. 2.1b).

In mathematical terms, an inverse proportional relationship exists between disparity d and distance

Z in the model coordinate system:

Z = c
|t|
d
, (2.1)

where c is the common principal distance of both images after rectification and |t| is the base length

between the two projection centres.

2.1.2 Taxonomy of the Matching Process

As described in the previous section, the determination of disparity, and therefore also of depth,

relies on the identification of corresponding image points. On the basis of a planar rectified stereo
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L R

Figure 2.2: Relation between a stereo image pair, a cost volume and cost curves. If not otherwise

specified, a cost volume refers to the left image of a planar rectified stereo image pair. In x and

y direction it has the same width w and height h as the images, while the size in d direction

is defined by the considered disparity search range δ. Every extract of this cost volume (shown

with dashed lines) has the same size in d direction as the whole volume, independent of its width

ŵ and height ĥ. The cost volume consists of one cost curve per pixel in the reference image,

encoding the matching costs of potential correspondences in the right image along the epipolar

line and within the specified disparity range δ. Source: Mehltretter and Heipke (2021).

image pair, a variety of different approaches have been proposed for this purpose over the last

decades in the literature. Using the taxonomy introduced by Scharstein and Szeliski (2002), how-

ever, the fundamental concept underlying most of these approaches can be examined and discussed

in a uniform way. For this purpose, the taxonomy differs between four different steps, of which a

subset is realised in most approaches presented in the literature: cost computation, cost aggrega-

tion, disparity computation and optimisation, and disparity refinement.

In the first step, the cost computation, the dissimilarity for potential correspondences is deter-

mined. For this purpose, a pixel from the left image IL is compared against all pixels located on the

corresponding epipolar line in the right image IR within a search range δ = [dmin, dmax]. The result

is a cost curve encoding the dissimilarity obtained per pixel, also referred to as matching cost, with

respect to the disparity. The individual curves are typically summarised in a three-dimensional cost

volume C (sometimes also called disparity space image), a concept originally proposed by Yang et

al. (1993) and Intille and Bobick (1994):

C(x, y, d) = f (c)(IL(x, y), IR(x− d, y)) , (2.2)

where f (c) refers to the cost function used to measure the dissimilarity. Such a cost function is

often defined based on the assumption of photoconsistency, e.g., computing the sum of absolute

or squared differences, under the expectation that matching pixels were assigned the same grey

scale or RGB value. However, also other statistics defined on the images can be used to define

a dissimilarity metric, such as the normalised cross-correlation coefficient, least squares matching

(Förstner, 1982), Census (Zabih and Woodfill, 1994) or mutual information. The relation between

a stereo image pair, a cost volume and its cost curves is illustrated in Figure 2.2.

The subsequent cost aggregation step aims to reduce noise and local outliers inherent in the

costs resulting from the first step. For this purpose, a weighted aggregation scheme w is applied to

smooth the initial cost volume C along the spatial dimensions x and y:

C′(p, d) = w(p) ·C(p, d) +
∑
q∈Ap

w(q) ·C(q, d) , (2.3)
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where p = (x, y) is a pixel in the reference image and Ap is its associated local neighbourhood.

This procedure implies that all pixels within the local neighbourhood have similar cost distributions

and thus possess a similar disparity. The simplest variant of such an aggregation scheme is a

box filter, a quadratic filter mask computing an equally weighted average. However, also more

sophisticated approaches exist which consider local image characteristics to determine individual

filter shapes and weights per pixel p, such as intensity differences or spatial distances between pixels

in the reference image. Considering such additional information in the definition of the aggregation

scheme, undesired smoothing can be reduced, for example, at depth discontinuities. It is worth

noting that the cost aggregation step is not present in all dense stereo matching methods, but is

particularly important for local approaches, which do not perform a global cost optimisation.

The objective of the third step of the taxonomy is the extraction of a globally optimal disparity

map D from a (smoothed) cost volume C. This task is often interpreted as an energy minimisation

problem, considering the previously computed costs together with specific model assumptions:

E(D) =
∑
p

C(p,D(p)) +
∑
q∈Ap

g(D(p),D(q))

 , (2.4)

where g is a function that penalises deviations from the model assumptions in a local neighbourhood.

A typical example for such an assumption is piece-wise smoothness of the scene geometry. Since

the determination of a disparity map with minimum energy is a NP-hard problem (Boykov et al.,

1999), Equation 2.4 is only solved approximately, e.g., via methods based on Graph Cuts or Belief

Propagation (Tappen and Freeman, 2003).

In the last step of the taxonomy, a determined disparity map is refined by applying post-processing

techniques. The repertoire of such techniques is rather broad, ranging from simple filter operations,

such as the use of a median filter for noise reduction, to more sophisticated approaches, for example,

used to eliminate erroneous disparity estimates. The refinement step also includes approaches used

to determine sub-pixel accurate disparities, whereas disparity maps extracted from the cost volume

directly are typically limited to integer disparities because of the discrete nature of cost volumes.

2.1.3 Challenges and Common Assumptions

As stated in the introduction, the reconstruction of depth information from a stereo image pair is

an ill-posed task without a unique solution in general. Multiple scenarios exist, such as occlusion or

texture-less areas, where the comparison of individual pixels or image patches delivers no or several

potential correspondences that are equally similar with respect to a specified metric. To resolve

these ambiguities, additional assumptions are often introduced, constraining the matching process.

The most common and for this work most relevant assumptions are discussed in the following

together with common problems violating these assumptions.
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Photoconsistency

Photoconsistency implies that a depicted scene has the same appearance in both images of a stereo

pair and is one of the most commonly applied assumptions. Under this assumption, intensities or

colour values of pixels can be compared directly without the need of normalising them or applying

matching on a more abstract level. Thus, the matching task is simplified significantly. However, the

presence of non-Lambertian surfaces, vignetting, noise or varying illumination as well as the combi-

nation of different imaging modalities, such as RGB and thermal, typically violate this assumption.

Consequently, photoconsistency is typically only expected in an attenuated form, for example, via

the usage of matching cost metrics that are robust against certain types of noise or global differ-

ences in illumination and contrast (Zabih and Woodfill, 1994). Alternatively, the images can also

be transformed into a representation that is invariant towards such influences before computing

the matching costs (Mouats et al., 2015), allowing to tolerate deviations from the expectation of

photoconsistency to a certain extent.

Unique Matching

Based on the concept of epipolar geometry, a unique assignment exists between a 3D object point

and its 2D depictions in image space. Based on this assumption, most stereo matching methods

derive the existence of a unique one-to-one assignment between all points in both images of a stereo

pair. This procedure implies that every point that is visible in one image also exists in the other

image and requires that such correspondences can be identified unambiguously. In practise, both

assumptions are addressed implicitly by assigning every image point the disparity, and thus the

point in the other image, that results in the lowest matching cost (optionally, considering additional

optimisation objectives such as piece-wise smooth surfaces). Violations of these assumptions are

often only considered in a post-processing step, such as a left-right consistency check, and filtering

out disparities that assign several image points from one image to a single point in the other image.

However, the formulated assumptions are violated rather often and because of several reasons. On

the one hand, multiple potential matches may exist. This can be caused by texture-less regions

or repetitive patterns, where it is not possible to unambiguously decide which image point is the

correct match. Another potential reason is the existence of reflections and semitransparent surfaces,

where multiple 3D object points are projected to the same image point. On the other hand, also

image points without a correspondence in the other image exist. This scenario is typically caused

by occlusions or because the projection of the 3D object point is located outside of the visible

extract of the image plane.

Piece-wise Smooth Surfaces

Most dense stereo matching methods constrain the matching process by the assumption of piece-

wise smooth surfaces. The expectation is that depth changes smoothly between the majority of

adjacent pixels and that depth discontinuities appear comparably seldom (Marr and Poggio, 1979).

Thus, potential matches implying a depth that deviates from the expected smooth surface are
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penalised in the optimisation process or are directly discarded. This assumption may be introduced

via penalties for discontinuities between pixels (Hirschmuller, 2008), between image segments (Hong

and Chen, 2004) or between primitives such as triangles (Bulatov et al., 2011). While segment-

based approaches are relatively robust against noisy initial depth estimates, they generally tend

to oversimplify the geometry of a scene. Primitive-based approaches, on the other hand, allow to

preserve more details, but require a set of well-distributed image points with reliable depth estimates

as prior information (Höllmann et al., 2020). A more sophisticated approach is the regularisation

of depth using shape templates for objects within a scene that are selected based on prior semantic

knowledge (Guney and Geiger, 2015).

Consistency of Image Gradients and Depth Discontinuities

It is frequently assumed that colour or intensity gradients in an image coincident with depth

discontinuities, e.g., to decide where piece-wise smoothness is to be assumed and where abrupt

depth changes should be tolerated (Hirschmuller, 2008). While this assumption often holds at

object boundaries, such boundaries may not lead to image gradients if the colours or intensities

of adjacent objects are similar. Also the opposite case, that an image gradient exists but it is

not caused by a depth discontinuity, violates this assumption and is frequently caused by strong

textures or shadows cast on the observed scene. With respect to the application example mentioned

at the beginning, a violation of this assumption either leads to smooth depth transitions instead of

sharp edges or to artificial depth discontinuities that do not exist in the real scene.

2.2 Uncertainty Quantification

Uncertainty quantification deals with the process of quantitatively describing and minimising dif-

ferent kinds of uncertainties inherent in a system for which certain aspects are not perfectly known.

In this context, two types of uncertainties are often distinguished, following the taxonomy originally

introduced by Hacking (1975): aleatoric and epistemic uncertainty. Although this classification has

its origins in the field of philosophy, it is commonly applied to applications related to risk analysis

(Van Asselt and Rotmans, 2002; Riesch, 2012), and more recently it has also been adapted to de-

scribe and analyse potential sources of uncertainty in the context of deep learning (Der Kiureghian

and Ditlevsen, 2008; Kendall and Gal, 2017; Liu et al., 2019).

Following this taxonomy, aleatoric uncertainty, also referred to as stochastic uncertainty (Helton,

1994), random uncertainty (Henrion and Fischhoff, 1986) or irreducible uncertainty (Van Asselt and

Rotmans, 2002), is typically caused by so called natural variability and are contained in the data

or measurements. In this context, natural variability is understood as variable, non-deterministic

or simply unpredictable behaviour of a process under consideration. Epistemic uncertainty, on the

other hand, accounts for limited knowledge of a problem domain, either caused by an insufficient

amount of observations or because the domain is too complex to be considered as a whole, and

simplifications that are applied while defining a predictive model (Van Asselt and Rotmans, 2002).

This category of uncertainty, also known as systemic (Henrion and Fischhoff, 1986) or reducible
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uncertainty (Ditlevsen and Madsen, 1996), can be further subdivided into model form uncertainty,

which reflects doubts regarding the structural correctness of the employed model, and parametric

uncertainty, describing the uncertainty regarding the parametrisation of a model that is believed

to be structurally correct (Sullivan, 2015). Moreover, differences between aleatoric and epistemic

uncertainty can not only be seen in a theoretical context, but also in the practical approaches

of their estimation: Aleatoric uncertainty can typically be predicted based on the data directly,

epistemic uncertainty, on the other hand, is often estimated based on sampling approaches (Kendall

and Gal, 2017).

From the perspective of dense stereo matching, aleatoric uncertainty accounts for effects such

as sensor noise, occlusion and matching ambiguities caused, for example, by texture-less areas or

repetitive patterns within a scene. Taking only into account the two image case, these effects cannot

be minimised using more (diverse) training data, but are independent of the knowledge regarding

the problem domain, which is illustrated by the following example: Even if the phenomenon of

occlusion is perfectly modelled in a dense stereo matching method, a certain level of uncertainty

regarding the depth of a depicted scene in occluded regions - the aleatoric uncertainty - remains

because depth cannot be triangulated if an object point is visible only in a single image. Epistemic

uncertainty, on the other hand, considers assumptions that simplify the matching process, such as

those discussed in Section 2.1.3, and characteristics that are missing in the definition of this process

(or in case of deep learning-based approaches in the training data), such as features and shades

that imply a certain geometric shape. Consequently, a more diverse set of training data can reduce

the amount of epistemic uncertainty embedded in a learned model, assuming that the structure

and parametrisation of this model allow for such a reduction. Note that the assignment of specific

effects to either aleatoric or epistemic uncertainty is not fixed, but depends on the definition of the

problem domain. If, for example, the restriction to the two image case is relaxed to multi-view

stereo, occlusion can be understood as a source of epistemic uncertainty, because taking additional

images into account may reduce the uncertainty regarding the depth of object points that are

occluded when considering only two images.

While the taxonomy of Hacking (1975) generally allows to investigate and model different sources

of uncertainty independently, it may not consider interactions between them properly, resulting

in an over-simplification of reality. Limited knowledge as a typical representative of epistemic

uncertainty, for example, can result from natural variability (which is categorised as aleatoric

uncertainty) if the ability to measure that variability is limited (Van Asselt and Rotmans, 2002).

Thus, a clear distinction between different such sources is not necessarily possible in more complex

scenarios (Riesch, 2012) and the assignment to either aleatoric or epistemic uncertainty may vary

depending on the model employed and the context of its application (Der Kiureghian and Ditlevsen,

2008), as discussed earlier for the example of occlusion in the context of dense stereo matching.

However, since these individual uncertainties are typically combined to describe particular events,

the overall uncertainty present in a model can often nevertheless be approximated accurately.
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2.3 Deep Learning

Deep learning and neural networks are concepts highly relevant for the approaches developed in

the context of this thesis. Therefore, in this section, a general overview is given on this topic first,

before focusing on the concepts of CNNs and BNNs. For a more general and detailed introduction

into the field of neural networks and deep learning, the interested reader is referred to the standard

literature such as the text books of Bishop (2006) and Goodfellow et al. (2016).

The concept of neural networks in combination with deep learning allows to model complex

non-linear relations between observations and state estimations. For this purpose, the function

F∗ underlying this relation is approximated by a concatenation of multiple non-linear functions,

realised as a network of neurons which are parameterised by their weights and biases θ:

y = F∗(x) ≈ Fθ(x) . (2.5)

Every neuron computes its output as the weighted sum of its input information, offset by biases,

before the result is processed with a non-linear function (also referred to as activation function),

such as the Rectified Linear Unit (ReLU) (Glorot et al., 2011). Multiple such neurons operating in

parallel form a so called layer, while multiple sequentially connected layers form a neural network.

If a network consists of more than three cycle-free connected layers, it is commonly called Multilayer

Perceptron (MLP) or feed forward neural network, whereas the number of layers is typically referred

to as the depth of the network, which also coins the term deep learning. Every layer that is not the

first or last layer of a network is called hidden layer. This term originates from the fact that such

layers are not directly connected to the incoming or outgoing information of a network, making

them invisible to operands outside of the network. The existence of such hidden layers allows a

neural network to learn various representations of the input data on different levels of abstraction.

Learning such representations is one of the reasons why neural networks often generalise well to

unseen data that can be described by the same abstract representations that were learned from the

training data. Moreover, this marks one of the major differences between deep learning-based and

classical machine learning approaches. A specific variant of hidden layers are fully-connected ones,

in which all nodes of this layer are connected to all nodes of the subsequent layer.

In general, the employment of neural networks can be distinguished into two phases: training and

testing. During testing, the network parameters, namely the weights and biases, are kept constant

and are simply used by the neurons to compute a result for given input data during a so called

forward pass. To find suitable values for these parameters in the first place, they are iteratively

adapted during training with respect to the training data and an optimisation objective. Typically

starting with randomly initialised weights and biases set to zero, a prediction for a single or a batch

of training samples is computed, exactly as it is done during testing. For this purpose, the initial

values for the weights are commonly drawn from a zero-centred normal or uniform distribution

with the width or limits of this distribution, for example, set based on the number of network

nodes (Glorot and Bengio, 2010). The quality of this prediction is evaluated with respect to a

specified optimisation objective, commonly referred to as loss function. In case of a supervised

training procedure, which is applied in the present work, this evaluation is realised as comparison

against a reference solution. Based on the concept of Stochastic Gradient Descent, e.g., in form of
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ADAM (Kingma and Ba, 2015) or RMSprop (Tieleman and Hinton, 2012), the difference between

prediction and reference is used to update the network parameters iteratively. The update itself

is realised via backpropagation, in which the partial derivations of the neurons of a network are

recursively computed with respect to the inputs of these neurons, aiming to reduce the difference

between prediction and reference in the next iteration. The adaptation of the weights and biases

in each neuron depends on the respective derivations and the learning rate, a hyper-parameter

that specifies the amount of change that is applied during parameter update of a single training

step. Repeating this alternation of forward pass and backpropagation many times, the network

parameters are adapted to the information contained in the training data, allowing the network to

predict results that converge against the reference solution.

A critical part of the training process is the loss function. It not only defines the optimisation

objective, but also influences the convergence behaviour. Commonly, two major types of loss

functions are distinguished with respect to the application domain of a neural network: classification

and regression. In the case of classification, the network assigns probabilities to a predefined set

of possible classes and the class with the highest probability is typically chosen as result. It is to

be noted, that in this scenario the classes are typically unordered, no semantic relationships are

considered nor is it possible to determine the distance between two classes. Often, variants of the

cross entropy are used as loss functions for classification problems, but the hinge or logistic loss

may also be employed (Rosasco et al., 2004). In a regression scenario, the network predicts real

numbers in a interval specified in advance. Typical examples for regression-based loss functions are

adaptations of the L1 and L2 norms, commonly referred to as Mean Absolute Error (MAE) and

Mean Squared Error (MSE), respectively, if the error is averaged over multiple data samples.

2.3.1 Convolutional Neural Networks

The concept of CNNs extends the ideas of deep learning described so far by introducing specialised

types of layers, of which convolutional layers are the most prominent. As the term CNN implies, a

filter kernel a and an input signal b are convolved in order to compute an (intermediate) result (b∗a),

regularly referred to as feature map, as illustrated in Figure 2.3. Note that in most cases multiple

filter kernels are learned per layer instead of a single one. In this context, the depth of such a kernel

is specified by the number of channels in the feature map to be processed, whereas the number of

filter kernels in a layer specifies the number of channels in the resulting feature map. In contrast

to the general concept of MLPs, where the incoming information of a node is commonly combined

neglecting the topology, for example, using a weighted average, CNNs preserve the spatial structure

of an input signal. This in turn requires that the incoming information is structured in a grid-like

manner, which is, for example, the case for digital (single or multichannel) images. Moreover,

using the same filter kernel over the whole image allows to detect a certain feature independent

of its position, characterising convolutional operations as translation invariant. Finally, because

the same filter kernel is applied to the whole input signal, this kernel has to be learned only once,

resulting in spatially shared weights. Thus, the amount of parameters to be trained can be reduced

drastically compared to the naive use of a basic MLP. Benefiting from these advantages, CNNs

have been successfully employed for many different photogrammetric and computer vision tasks,
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Figure 2.3: Principle of convolutional and pooling operations. In this exemplary setup, a 2D convo-

lutional layer, consisting of multiple 3x3 filter kernels, is followed by an activation function to

compute an intermediate feature map from a given input. Every individual filter kernel considers

all channels of the input to compute one feature channel of the output. The channels resulting

from multiple kernels are combined to form the intermediate feature map. In the second step, a

2x2 pooling operation is applied to downsample the intermediate feature map.

such as image classification (He et al., 2016), object detection (Girshick, 2015), pedestrian tracking

(Leal-Taixé et al., 2016; Nguyen and Heipke, 2020), semantic segmentation (Marmanis et al., 2016),

feature matching (Chen et al., 2020) and stereo depth estimation (Kendall et al., 2017b).

While convolutional layers often constitute the majority of layers and fully-connected ones are

commonly used as final layers in CNNs designed for classification tasks, pooling operations are the

third important type of layers in the context of CNNs. A pooling function typically operates on

the output of a single or a sequence of convolutional layers (including a non-linear function and

normalisation of the output), computing a summary statistic in a certain local context. The most

prominent realisation of this principle is max pooling (Zhou and Chellappa, 1988), which extracts

the maximum response of a local neighbourhood defined on a feature map. In the output of the

pooling operation, only this value is kept to describe the feature map extract defined by the local

neighbourhood it originates from, resulting in a reduction of the spatial dimension of the feature

map. Thus, in contrast to strided convolutions, where the convolutional filter kernel is only applied

on every n-th pixel with n specifying the stride, pooling does not result is a regular sampling of

a feature map. However, both ways to downsample feature maps enlarge the receptive field and

thus provide information from a larger context to subsequent layers. To upsample an intermediate

feature map in turn, e.g., to obtain a result in the original spatial resolution, classical interpolation

approaches, such as nearest neighbour or bilinear interpolation, or strided transposed convolutions

(Long et al., 2015) are employed. While classical interpolation techniques do not depend on training

data, the latter ones introduce weights and biases (comparable to normal convolutions) that need

to be trained.

Finally, three concepts from the CNN domain are introduced that are used in this work: encoder-

decoder structures (Ronneberger et al., 2015), fully convolutional networks (Long et al., 2015) and

residual blocks (He et al., 2016). In an encoder-decoder structure, an input is first downsampled
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multiple times to achieve a compressed and highly abstracted representation of this input that

considers a large receptive field. Because the objective of this procedure is to obtain one prediction

per pixel, the compressed feature map is upsampled in the decoder phase until the original spatial

resolution is recovered. To minimise artefacts and smoothing effects caused by computing an output

of higher resolution than the input, so-called skip connections are introduced. These connections

link feature maps of equal resolution in the encoder and decoder stage and guide the upsampling

process. Fully convolutional networks, on the other hand, are characterised by the absence of fully-

connected layers. Consisting only of translational invariant components, such as convolutions and

pooling, the whole network could be interpreted as a single non-linear filter. This property allows

to apply a network on input images of various sizes without the necessity to rescale these images

first or to adapt the network architecture to inputs of different sizes, which is typically necessary

in the context of conventional MLPs. Lastly, residual blocks consist of one or multiple layers that

are bypassed by a skip connection. The output of such a residual block is the sum of the input

feature map of this block and the result of the last layer skipped. This simplifies the learning task

of the skipped layers to a residual mapping from the features provided as input to those desired as

output. As a result, the problem of vanishing gradients can be avoided, enabling the training of

much deeper networks.

GC-Net Architecture

In this section, the architecture of the Geometry and Context Network (GC-Net) presented by

Kendall et al. (2017b) is reviewed, which is used as basis for the approach developed in the context of

this thesis. GC-Net is an end-to-end trainable CNN architecture consisting of 37 layers that predicts

a disparity map from a planar rectified stereo pair of three channel colour images. For this purpose,

GC-Net performs four major processing steps: feature extraction, cost volume construction, cost

volume optimisation and disparity map extraction. While these four steps are described in detail

in the following, an overview of the architecture is provided in Figure 2.4.

First, features are extracted from both images of a pair separately, using two branches of 18

2D convolutional layers arranged in residual blocks. While the very first layer consists of a 5 × 5

filter kernel with stride 2, all subsequent 2D convolutional layers consist of 3× 3 filter kernels with

stride 1. All layers of this first part of the network have 32 filter channels. In order to force the

network to extract similar features from both images, the weights from both branches are shared

which is also referred to as Siamese network architecture. In the second step, a cost volume is built

by concatenating a feature vector from the left image with a feature vector from the right image

for all potential point correspondences, defined by the corresponding horizontal epipolar line and

the specified disparity range. By simply concatenating feature vectors from the two images, the

subsequent layers are trained to compute the similarity between these two feature vectors instead

of explicitly defining a similarity measure in advance. Due to the stride of 2 in the first layer of the

network, the resulting 4D volume has a spatial resolution equal to 1
2 of the input images.

This initial cost volume is further processed using 3D convolutional and transposed convolutional

layers with 3× 3× 3 filter kernels arranged in an encoder-decoder structure with skip connections.
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Figure 2.4: Overview of the GC-Net architecture. Performing four major processing steps (feature

extraction, cost volume construction, cost volume optimisation, disparity map extraction), GC-

Net presented by Kendall et al. (2017b) predicts a disparity map from a planar rectified stereo

image pair. Source: Adapted from Mehltretter (2020).

In the encoder, the spatial dimension is halved with every third layer using a stride of 2, while

the number of feature channels is doubled. Starting with a spatial resolution equal to 1
2 of the

extent of the input images and 32 feature channels, the final encoding is characterised by a spatial

resolution equal to 1
32 of the extent of the input images and 128 feature channels. In the decoder, the

spatial resolution is doubled while the number of feature channels is halved with every transposed

convolutional layer, until the extent of the resulting feature map is equal to the one of the initial

cost volume. The final transposed convolutional layer up-scales this feature map to the spatial

resolution of the stereo images pair used as input and reduces the number of filter channels to one.

Thus, the output of this last layer is a 3D cost volume similar to the one computed by conventional

dense stereo matching approaches (cf. Sec. 2.1). This encoder-decoder structure allows the network

to optimise the initial cost volume on different scales and with a large receptive field. In the final

processing step, a disparity map is extracted from the optimised cost volume using a differentiable

soft argmin layer. All layers apply zero padding and, except for the last 2D as well as the last

transposed 3D convolutional layers, are followed by Batch Normalisation (BN) (Ioffe and Szegedy,

2015) and a ReLU non-linearity (Glorot et al., 2011).

The GC-Net architecture demonstrates good accuracy for the tasks of disparity estimation, while

having a relatively low number of parameters (∼2.8 Mio.), mainly justified by the absence of

fully-connected layers. Moreover, due to its fully-convolutional nature and the final soft argmin

layer, GC-Net can process stereo image pairs of varying sizes and can consider different disparity

ranges without the need for retraining. Justified by these advantages, the architecture of GC-Net

serves as functional model of the BNN developed in the context of this thesis which is presented in

Section 4.3.

2.3.2 Bayesian Neural Networks

In contrast to deterministic forms of neural networks, as described in the previous sections, BNNs

do not aim to learn point estimates as weights and biases, but probability distributions from which

the values of these parameters are randomly sampled anew as part of every forward pass (see
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Figure 2.5: Comparison of conventional and probabilistic convolutional filter kernels. Conven-

tional convolutions learn point estimates as parameters representing weights and biases. In

contrast, probabilistic convolutions learn probability distributions from which weights and biases

are sampled during a forward passes.

Fig. 2.5). Thus, from a more formal perspective, a BNN can be understood as a stochastic neural

network which is trained using Bayesian inference (Jospin et al., 2020). This procedure is based

on the Bayes theorem, aiming to learn the posterior p(θ|D) of a network’s parameters θ under the

assumption of a certain prior distribution p(θ) using data D:

p(θ|D) =
p(D|θ)p(θ)
p(D)

=
p(y|x, θ)p(θ)∫
p(y|x, θ)p(θ)dθ

, (2.6)

where p(D|θ) is the likelihood, p(D) the evidence and (x, y) ∈ D are data samples produced by

the actual functional dependency y = F∗(x) which is to be approximated with the defined neural

network (see Eq. 2.5). Using this posterior distribution of the network parameters to compute a

prediction for a certain data sample, BNNs are able to estimate the epistemic uncertainty associated

to this data sample that results from the model learned. Consequently, BNN-based approaches are

able to identify samples outside of the training distribution, indicating the limitations of a learned

model to process certain data samples. Moreover, the Bayes theorem offers a natural way to

implicitly consider and represent commonly applied concepts in the field of deep learning, such as

regularisation (Graves, 2011) or ensemble learning (Dietterich, 2002).

Variational Inference

Although BNNs offer a set of advantages and desirable characteristics, computing and thus also

sampling from the posterior distribution p(θ|D) as defined in Equation 2.6 is typically an intractable

problem. The reason is the integral involved in the evidence which in general cannot be solved

analytically, especially in the context of neural networks which are often characterised by a large

number of parameters. To overcome this problem, the exact posterior distribution is commonly

approximated circumventing the computation of the evidence, for example, via Markov Chain

Monte Carlo (MCMC) approaches (Geyer, 2011) or using VI (Blei et al., 2017). While MCMC

approaches allow to sample from the exact posterior distribution directly and are very popular

for various applications based on Bayesian statistics, they typically do not scale well with respect
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to the model size. Thus, these kind of approaches are not well suited for the domain of neural

networks, where the model size is often relatively large (Jospin et al., 2020).

VI, on the other hand, does not sample from the exact posterior distribution, but from an

approximation q. To obtain this approximation, also referred to as variational distribution, a family

of distributions, such as multivariate Gaussians (Graves, 2011), is chosen over the latent variables of

a model, i.e., the network parameters. In order to optimise the variational distribution in the sense

that it actually approximates the exact posterior, stochastic variational inference (Hoffman et al.,

2013) can be used, which is an adaptation of stochastic gradient descent as commonly employed

in the field of deep learning. Together with techniques such as Bayes by Backprop (Blundell

et al., 2015) and the reparametrisation trick (Kingma et al., 2015), VI can be easily integrated

into an arbitrary deep learning framework, allowing to apply common optimisation algorithms as

introduced earlier in this section.

Finally, using VI, the prediction of a BNN is commonly realised via Monte Carlo sampling. For

this purpose, n forward passes are carried out for the same input, each of them with a set of

parameters θk ∼ q with k ∈ {1, .., n} sampled from the approximated posterior distribution q.

Combining the results of all these individual forward passes, relevant statistics of the distribution

of the prediction, such as the mean or standard deviation, can be computed.

Kullback-Leibler Divergence and Evidence Lower Bound

While VI allows to approximate the exact posterior distribution without the need to compute

the intractable evidence, optimising the variational distribution implies to find a set of variational

parameters φ that minimises the difference between the exact and the approximated distribution.

Often, the Kullback-Leibler (KL) divergence (Kullback and Leibler, 1951) is used to measure the

closeness of these two distributions:

KL(qφ||p) =

∫
qφ(θ) log

(
qφ(θ)

p(θ|D)

)
dθ = E

[
log

qφ(θ)

p(θ|D)

]
. (2.7)

However, measuring the difference between two entities commonly requires to know their charac-

teristics, meaning that one would need to know the exact posterior distribution in order to estimate

the similarity of the approximation, as it is implied by the presence of the exact posterior p(θ|D)

in the formulation of the KL divergence. While this requirement leads back to the beginning of

the problem, instead of minimising the KL divergence directly, it is possible to reformulate this

problem using the Evidence Lower Bound (ELBO) instead (Bishop, 2006):

ELBO = E[log p(θ,D)]− E[log qφ(θ)] = log p(D)−KL(qφ||p) . (2.8)

It can be observed that the ELBO is equal to the negative KL divergence plus a constant log p(D)

that is independent of the variational distribution qφ. Consequently, finding a set of variational

parameters φ that minimises the KL divergence between the exact posterior distribution p(θ|D)

and an approximation qφ(θ) is equivalent to finding a φ that maximises the ELBO (Jospin et al.,

2020).
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3 Related Work

In this chapter, literature relevant for this thesis is reviewed and discussed. For this purpose,

works on dense stereo matching are addressed first in Section 3.1. After this more general view

on the topic, a detailed analysis of uncertainty estimation in this area follows. Because of the

major differences in their procedure, approaches to estimate aleatoric and epistemic uncertainty

are discussed separately in Sections 3.2 and 3.3, respectively. This chapter closes with a discussion

of the reviewed literature and a summary of open research questions in Section 3.4.

3.1 Dense Stereo Matching

Although the methodology presented in this work solely focuses on the development of deep

learning-based approaches, hand-crafted (sometimes also referred to as expert-based) approaches

are also discussed in this section, in order to provide a comprehensive overview of the field. Based

on the taxonomy proposed by Scharstein and Szeliski (2002), which is described in Section 2.1, the

development from such hand-crafted to deep learning-based approaches is retraced and analysed,

before focusing on current CNN-based solutions learning the task of dense stereo matching in an

end-to-end manner. This allows to see parallels in both types of approaches and thus helps to

understand certain design decisions made in the context of deep learning-based techniques that are

based on the knowledge gained from decades of stereo matching-related research.

Cost Computation and Aggregation

According to the taxonomy proposed by Scharstein and Szeliski (2002) and under the assumption

that the stereo image pair to be processed is already planar rectified, typically the first stage of

dense stereo matching is the computation of matching costs. For this task, various approaches

have been presented in the literature that address different application scenarios and have varying

strengths and weaknesses. Normalised Cross-Correlation, for example, is robust against Gaussian

noise in the images and is suitable to match affine-transformed intensity or colour values, but tends

to blur depth discontinuities (Heo et al., 2011). The metric proposed by Birchfield and Tomasi

(1998), on the other hand, is insensitive to image sampling (Scharstein and Szeliski, 2002), due to

the comparison of a pixel’s value in one image with a linear interpolation of the values along the

epipolar line in the other image instead of simply comparing intensities pixel by pixel. However,

this approach is sensitive to radiometric changes (Heo et al., 2011). In contrast, non-parametric

measures, like the Census transformation (Zabih and Woodfill, 1994), do not carry out matching
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using the intensities of pixels directly, but determine a value or descriptor for each pixel based on

the order of the intensities within a local neighbourhood first. Thus, such measures are typically

robust against intensity variations (Hirschmuller and Scharstein, 2009; Stentoumis et al., 2014), but

sensitive to noise, especially if the centre pixel of the considered local neighbourhood is affected

(Luan et al., 2012). As a consequence of these diverse strengths and weaknesses, several methods

were presented in the literature that combine multiple such metrics to compute matching costs

in a more robust way (Hu and Mordohai, 2012; Stentoumis et al., 2014). Analysing these works,

it becomes clear that a suitable aggregation scheme is essential, in order to retain the strengths

and minimise the influence of weaknesses of individual metrics. For this purpose, the uncertainties

related to the individual approaches are commonly used in order to fuse the information originating

from different cost metrics (Batsos et al., 2018; Mehltretter et al., 2018).

Deep learning-based approaches follow a different idea and learn characteristics important for the

decision whether two pixels match or not implicitly from training data, instead of specifying them

explicitly by hand. This is commonly achieved using a Siamese feature extractor, a network with

two identical branches of convolutional layers, extracting features from the left and the right image,

respectively (Chen et al., 2015; Zbontar and LeCun, 2016). By sharing the parameters between

these two branches, it is ensured that the features extracted from both images are similar, which

facilitates the actual matching. To determine the disparity of a pixel, the corresponding patch is

compared against all potentially matching patches from the second image pair-wise, in the sense

that every comparison is carried out independently. Luo et al. (2016) argue that the results for a

given patch resulting from such a pair-wise matching approach are hard to compare which makes

it difficult to determine the correct match. Instead, the authors propose to handle matching as a

multi-class classification task, understanding every potentially matching patch together with the

associated disparity as one class. To further improve the differentiation whether two patches match

or not, Zhang and Wah (2017) propose to learn a specific feature descriptor and require consistency

between the descriptors of patches corresponding to the same object point and discriminability be-

tween such corresponding to different points (cf. unique matching assumption in Sec. 2.1.3). The

downside of all of these approaches is that they are optimised for the identification of correct cor-

respondences on patch-level only, not taking into account a wider range of contextual information.

Consequently, as for many hand-crafted approaches, a subsequent global optimisation stage is nec-

essary to achieve accurate results. However, the extracted features may be sub-optimal from the

perspective of global optimisation, as only dominant information is retained which is potentially

redundant when considering a larger context, while less important but unique information might

be discarded in the first stage.

To consider information from more than just one pixel or to aggregate the computed costs and

thus to minimise the influence of noise and local outliers, a local neighbourhood is frequently

defined as rectangular region around the pixel of interest. While this kind of neighbourhood is

easy and fast to compute, it does not take object boundaries into consideration and thus typically

smooths over depth discontinuities. More accurate but also computationally more demanding is

the approach of cross-based neighbourhoods (Zhang et al., 2009; Zbontar and LeCun, 2016), which

decides whether a pixel is considered as being part of a neighbourhood based on the spatial distance

to the pixel of interest as well as based on the difference of the colour values assigned. This reduces
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the risk of averaging the costs of pixels that belong to different objects and thus may also be

located at different depths. Guided filter-based aggregation schemes as, for example, proposed

by Hamzah et al. (2017), implement a similar idea, by utilising the intensity gradients of the

reference image to determine the shape of the neighbourhood. In contrast, deep learning-related

approaches often follow a multi-scale approach to consider multiple neighbourhoods of different

extent for every pixel. For this purpose, Chen et al. (2015) extracts two patches of the same size

and orientation from the reference image, one in full and one in half resolution. The authors argue

that the full-resolution patch facilitates the extraction of sharper depth discontinuities, while the

half-resolution patch provides information from a wider context and may thus support matching in

weakly textured ares. Park and Lee (2017) and Schuster et al. (2019) follow the same concept and

extract patches from multiple scales using a pyramid pooling layer and parallel dilated convolutional

layers, respectively. While all these concepts help to mitigate certain effects, such as noise, in a local

context, they lack information from global context that is often necessary to resolve ambiguities.

Consequently, despite the consideration of local neighbourhood information and the application

of local cost aggregation, a subsequent global optimisation is typically necessary to achieve highly

accurate and reliable results.

Optimisation

As already discussed before, the consideration of information from a global context and the joint

optimisation of all disparity assignments are commonly essential parts of dense stereo matching

techniques, crucial to achieve highly accurate results. In this context, global optimisation is com-

monly interpreted as an energy minimisation problem, defining the energy as a combination of

a data term and a smoothness assumption (see Sec. 2.1.2). While the data term considers the

matching costs discussed in the previous section, smoothness is achieved by forcing adjacent pix-

els to satisfy predefined constraints. Such smoothness assumptions may be of first (Hirschmuller,

2008) or second order (Zhang et al., 2014; Kuschk, 2019) preferring fronto-parallel or, more gen-

erally, continuous surfaces, may be defined on pixel- or super-pixel-level (Wei and Quan, 2004;

Yamaguchi et al., 2014) and may be related to primitives such as planes (Li et al., 2016a), triangles

of a mesh (Bulatov et al., 2011) or to more complex objects such as 3D models fitted into the

reconstructed scene (Guney and Geiger, 2015). For the optimisation of the resulting energy term,

various approaches are presented in the literature: Approaches minimising the energy directly in

2D space, for example, based on Graph-Cuts (Hong and Chen, 2004; Taniai et al., 2014; Li et al.,

2016b) or Belief Propagation (Felzenszwalb and Huttenlocher, 2006), result in accurate solutions,

but are computationally expensive. On the other hand, one-dimensional approximations, such as

Dynamic Programming, are inherently considerably faster, but generally yield results with system-

atic errors. A common such error case are streaking artefacts in the final disparity map, caused

by jointly optimising the disparity estimates of pixels along a single image dimension only, while

treating the information along the second dimension as being independent. A well-established and

frequently employed trade-off is Semi-global matching (SGM), an approach originally proposed by

Hirschmuller (2008). SGM approximates a two-dimensional optimisation by combining multiple

1D scanlines defined in different directions that are applied to the initial cost volume. As a result,
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the number of artefacts is significantly reduced, while the computational complexity is kept low.

A common problem of such optimisation approaches is the often static and uniform definition of

the cost aggregation scheme and the smoothness assumption for all pixels. Properties such as

a particularly good matchability due to a unique pattern in an image or, conversely, ambiguous

correspondences are typically not explicitly taken into account. Additionally, it is commonly as-

sumed that scenes are piece-wise smooth defining such pieces based on features extracted from the

reference image. In this context, relations such as the consistency of image gradients and depth

discontinuities (see Sec. 2.1.3) are assumed that may not always hold true, potentially leading to

large errors.

Machine learning-based approaches related to the optimisation stage of the taxonomy mainly

address these shortcomings: Spyropoulos et al. (2014) as well as Park and Yoon (2015) present

random forest-based approaches to learn the identification of reliable disparity estimates from data.

Such estimates are used to introduce soft constraints on the neighbourhood relationships into the

cost volume or to flatten the cost curves of pixels with unreliable disparity estimates, respectively.

Thus, the influence of pixels with reliable disparity estimates on their neighbourhood is implicitly

increased during the optimisation procedure. Seki and Pollefeys (2016) propose to identify such

reliable disparity estimates using a CNN and to adjust the penalties in the smoothness term of

SGM according to the level of reliability assigned. The approaches proposed by Seki and Pollefeys

(2017) and Schönberger et al. (2018) also address SGM, but focus on the actual optimisation. They

propose to improve the aggregation along individual scanlines and the consolidation of disparity

proposals from different scanlines using a CNN or a random forest, respectively. The approach

of Jie et al. (2018), on the other hand, introduces a constraint into the optimisation that forces

the disparity maps corresponding to the left and the right image of a stereo pair to be consistent.

For this purpose, cost volumes referring to both images are computed and refined jointly, using a

Recurrent Neural Network (RNN). Carrying out multiple iterations of refinement, the number of

unreliable pixels violating the formulated assumption can be reduced, thus increasing the overall

quality of the estimated disparity map. While such machine-learning supported optimisation ap-

proaches commonly outperform purely hand-crafted ones, the estimation of the trustworthiness of

a pixel’s disparity estimate is often limited to a small set of properties defined on a subset of all

information available in the overall dense stereo matching pipeline. This issue is discussed in more

detail in Section 3.2. Moreover, these approaches only address the optimisation stage of the taxon-

omy leaving the cost computation untouched. Consequently, methods employing such approaches

tend to achieve (almost) optimal results for every individual stage, but due to the absence of an

overarching optimisation objective, they often only achieve sub-optimal results in total.

Refinement

According to the taxonomy, dense stereo matching is completed by a disparity refinement stage, also

referred to as post-processing. Approaches associated with this stage seek to improve the overall

accuracy of a previously computed disparity map by detecting and removing or replacing local

outliers and by enhancing the remaining disparity assignments. Commonly applied techniques are,

for example, the left-right consistency check, which ensures that the disparity maps corresponding to
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the left and the right image assign the same depth to pixels showing the same object point, filling

holes of pixels without a disparity assignment (Hirschmuller, 2008; Zhang et al., 2017), median

and bilateral filtering as well as sub-pixel refinement (Shimizu and Okutomi, 2005; Stentoumis et

al., 2014). In the context of machine learning, approaches addressing this stage are commonly

defined as residual learning tasks, in the sense that these approaches are trained to predict the

difference between the estimated and the ground truth disparity per pixel, for example, using a

CNN (Stucker and Schindler, 2020), a RNN (Batsos and Mordohai, 2018) or a variational network

(Knöbelreiter and Pock, 2019). For this purpose, besides the initial disparity map, the reference

image (Batsos and Mordohai, 2018), both images of a stereo pair (Stucker and Schindler, 2020)

or a separately computed uncertainty map (Knöbelreiter and Pock, 2019) may be considered. In

contrast, Tosi et al. (2019) implement a different approach, first training a random forest classifier

to distinguish between reliable and unreliable disparity estimates. Only keeping reliable estimates

from the initial disparity map, unreliable ones are replaced by an interpolation considering reliable

disparity estimates located in a local neighbourhood. For this purpose, multiple search lines in

different directions are defined and interpolation is applied based on a weighting scheme considering

the spatial distance between pixels as well as the difference of their colours in the reference image,

similar to the concept of cross-based aggregation described earlier. Finally, Gidaris and Komodakis

(2017) propose a combination of these two approaches: Differentiating between inaccurate and

incorrect disparity estimates, they learn to refine the first type while replacing the latter one using

a CNN. The major challenge for such post-processing approaches is that they are not part of the

optimisation and do typically not have access to all information contained in the optimised cost

volume. Instead, they are limited to process the estimated disparity map, eventually along with

some additional information as discussed before. Consequently, gross errors that were made in

previous stages may be impossible to be detected and corrected, for example, because information

on ambiguities that occurred during the optimisation is discarded when selecting the most probable

disparity estimate to be part of the final disparity map.

End-to-End Learned Approaches

As shown by the literature reviewed so far, the implementation of individual stages of the dense

stereo matching pipeline based on deep learning concepts commonly surpasses approaches that are

purely based on hand-crafted components, which demonstrates the great potential of this set of

techniques. However, optimising the individual stages independently may lead to results that are

optimal with respect to the respective stages only, but not for the overall task. Missing an overall

optimisation objective, the requirements of approaches addressing later stages are typically not

considered in the optimisation of previous ones. To overcome this limitation, several works in the

literature propose to interpret the task of dense stereo matching holistically by learning it in an

end-to-end manner. For this purpose, all stages of the taxonomy are optimised jointly, commonly

using a planar rectified stereo image pair as input to estimate the disparity map referring to the left

image directly. In the context of supervised learning, the overall optimisation objective typically

addresses the accuracy of this estimated disparity map and demands to minimise its deviations

with respect to a reference.
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While the concept of end-to-end learning may initially gives the impression that it breaks with

the taxonomy of the classical pipeline, the network architectures of most approaches are in fact

inspired by this taxonomy. In a first step, a feature vector is generally computed for every pixel of

the left and the right image using a Siamese network structure as proposed by Zbontar and LeCun

(2016), which was already discussed before. Some works in the literature propose to extend this

idea, for example, by extracting features from different scales (Liang et al., 2018) or by enlarging the

receptive field using dilated convolutions (Kang et al., 2019) or spatial pyramid pooling (Chang and

Chen, 2018). Feature vectors from the left and right image are then combined for every potentially

matching pair of pixels, for example, by correlating Mayer et al. (2016) or concatenating Kendall

et al. (2017b) them. Combining feature vectors by correlation, the function to compute matching

costs is defined explicitly and the result is thus equivalent to the initial 3D cost volume obtained

from the conventional cost computation step (cf. Fig. 2.2). Concatenation-based approaches, on

the other hand, result in a four-dimensional structure, because potentially matching pairs of pixels

are not described by a single cost value, but by their combined feature vector. In this scenario,

the function to compute actual matching costs is learned implicitly in the subsequent convolutional

layers along with the optimisation of this initial cost volume. For the purpose of optimisation, 2D

(Mayer et al., 2016; Pang et al., 2017; Liang et al., 2018) or 3D convolutional layers (Kendall et

al., 2017b; Yu et al., 2018) are commonly employed in an encoder-decoder manner, depending on

whether the employed feature combination strategy results in a 3D or 4D volume. More sophis-

ticated approaches define explicit aggregation schemes (Cheng et al., 2019), for example, oriented

on conventional optimisation techniques, such as SGM (Zhang et al., 2019). Finally, disparities are

typically estimated based on the optimised cost volume with sub-pixel accuracy, for example, using

directly the output of a convolutional layer (Mayer et al., 2016) or via a differential version of the

argmin operation (Kendall et al., 2017b). The ability to examine end-to-end learned approaches us-

ing the classical taxonomy not only facilitates the interpretability of these complex neural networks,

but also allows for a uniform view on conventional and deep learning based methods. Techniques

such as geometry-based regularisation (Knöbelreiter et al., 2017) or guided cost aggregation (Poggi

et al., 2019) can therefore be applied directly or can at least be easily transferred to approaches

from both groups.

In the literature, the different types of the convolutional layers employed in the optimisation

stage are commonly used to distinguish between 2D and 3D architectures (Poggi et al., 2021b).

On the one hand, 2D architectures are commonly characterised by a smaller memory footprint as

well as less computational effort, due to the lower dimensionality of the employed convolutional

layers. On the other hand, 3D architectures enable encoding geometric properties and relationships

and provide a higher flexibility, allowing to learn the function for cost computation rather than

defining it explicitly. As a consequence, the number of parameters differs significantly between 2D

and 3D architectures: For example, the two-dimensional DispNetC proposed by Mayer et al. (2016)

has about 36 million parameters, while the three-dimensional GC-Net proposed by Kendall et al.

(2017b) has about 2.8 million parameters.

In contrast to classical approaches, end-to-end learned ones often directly include refinement or

post-processing procedures. For this purpose, commonly the idea of residual learning is imple-

mented, trying to predict the difference between an initial disparity estimate and the respective
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reference value (Pang et al., 2017). Ilg et al. (2018) and Liang et al. (2018) push this idea further

and propose iterative refinement schemes that predict and apply residuals multiple times in an

incremental procedure. Khamis et al. (2018) and Tonioni et al. (2019) follow a similar approach,

but realise an image-pyramid-based idea that estimates disparity on a coarse resolution first and

iteratively refines the results by increasing the resolution step-wise, until the original resolution of

the reference image is reached. While such an approach reduces the computational effort, it is, like

any such step-wise procedure, prone to errors made at an early stage that may not be recoverable

afterwards.

For the sake of completeness, it should be mentioned that also several methods exist that learn

dense stereo matching along with other tasks, commonly referred to as multi-task learning. Com-

mon examples are combinations with semantic segmentation (Yang et al., 2018; Zhan et al., 2019;

Wu et al., 2019) and optical flow (Jiang et al., 2019). The results of such multi-task methods

demonstrate that it can be beneficial to optimise several tasks jointly taking into account addi-

tional aspects such as semantics. However, such approaches are considered to be out of the scope

of the present work and are therefore not considered in the subsequent discussions.

While the concept of learning dense stereo matching end-to-end using CNNs leads to convincing

results, some limitations of conventional approaches remain open challenges and are complemented

by new deficiencies resulting from the end-to-end learning paradigm. Erroneous disparity estimates,

for example, still occur frequently in weakly textured areas and close to depth discontinuities. Kang

et al. (2019) address this weakness and introduce an auxiliary term to the loss function which aims

to minimise the difference between the first deviations of the estimated and the ground truth

disparity map. Song et al. (2018), on the other hand, try to predict depth discontinuities based

on the intensity gradients of the reference image. While such image information is also available

during testing, its consideration to estimate the geometry of the depicted scene is based on the

assumption that image gradients and depth discontinuities coincide. However, as already discussed

earlier, this is not always the case, therefore such an assumption may be a potential error source

itself (cf. Sec. 2.1.3). In addition, deep learning-based approaches are often rather inefficient with

respect to their memory consumption and runtime, which is especially true for methods utilising 3D

convolutions. To minimise the computational burden, Tulyakov et al. (2018) propose to compress

the concatenated feature vectors from the left and right image before forwarding them to the

encoder-decoder structure. Arguing that these features initially contain redundant information,

the compression reduces the memory footprint without decreasing the accuracy of the obtained

disparity map. The approach of Guo et al. (2019) follows a similar idea and clusters the information

contained in the feature vectors into groups. The information from the left and the right image

is then correlated group-wise, resulting in a vector of correlation scores with a size equal to the

number of groups. Because the number of groups is smaller than the size of the initial feature

vectors, processing the vector of correlation scores in the encoder-decoder structure requires less

computational effort and less memory. While also addressing the efficiency, Duggal et al. (2019)

propose a completely different procedure. Based on the concept of the PatchMatch algorithm

(Bleyer et al., 2011), a RNN is trained to iteratively select random disparity proposals which are

propagated locally. The most promising ones are kept to influence the sampling of proposals in
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the subsequent iteration. Because only a subset of all potential disparity proposals is commonly

evaluated, the runtime as well as the memory footprint can be reduced significantly.

The last but probably most challenging problem of end-to-end learned approaches arises from

the often huge amount of training data required and the strong dependency on this data. As a

consequence, such approaches designed for the task of dense stereo matching are commonly pre-

trained on large synthetic datasets (Mayer et al., 2016) before fine-tuning them on data from

the application domain. Such fine-tuning is typically necessary, because this type of approach

is generally sensitive to variations contained in the data to be processed, in the sense that a

specific characteristic can only be handled if it has been learned during training. As a result, the

performance may decrease significantly if a domain gap exists between training and test data (Poggi

et al., 2019; Tonioni et al., 2017). Due to the high range of variations within the real world, however,

it is probably impossible to provide divers enough training data to learn all relevant characteristics

necessary to reliably operate in a real world scenario (Zendel et al., 2017). While first approaches

exist that address this limitation, for example, aiming to learn domain invariant features (Zhang

et al., 2020), it remains unsolved and highly challenging.

3.2 Aleatoric Uncertainty Estimation

To estimate the uncertainty inherent in a process, a functional and a stochastic model are commonly

needed, independent of the type of uncertainty to be quantified. While the stochastic model defines

how uncertainty is understood in a certain context, for example, as a specific probability distribution

described by a set of parameters, the functional model specifies how the values of these parameters

are determined based on information inherent in the input data. This differentiation is also reflected

by the structure of this section, investigating approaches to extract information valuable for the

estimation of aleatoric uncertainty first, before different stochastic models to actually quantify

aleatoric uncertainty are reviewed.

Functional Model

Initially, the estimation of aleatoric uncertainty was purely based on hand-crafted features defined

on the input images or on various (intermediate) representations of the dense stereo matching

procedure, such as a cost volume or a disparity map. As shown by Hu and Mordohai (2012)

and Poggi et al. (2021a) in comprehensive evaluations, a wide range of such features exist: the

properties of a cost curve, such as the curvature or the distinctiveness of the global minimum, the

consistency between the disparity maps corresponding to the left and the right image, as well as

the distinctiveness of a pixel in its local neighbourhood defined on the reference image. In this

context, it is noteworthy that in particular methods which are based on the characteristics of cost

curves show convincing results, which is further supported by Veld et al. (2018). This observation

can be justified by the higher amount of information contained in a cost volume compared to a

disparity map. While a disparity map contains only the supposed optimal disparity for every pixel,

a cost volume additionally allows to set this value corresponding to minimal cost into context and
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to reason about its actual cost value, its distinctiveness and the ability to localise it. However, each

such hand-crafted feature can only consider a rather limited set of characteristics, which restricts

its applicability accordingly.

To overcome this limitation and to form more accurate and robust measures, several works pro-

pose to combine certain of those hand-crafted features. Beside linear aggregation (Sun et al., 2017),

random forest based combinations were especially popular (Batsos et al., 2018; Spyropoulos et al.,

2014) considering up to 23 individual features (Haeusler et al., 2013). In this context, the same

features are exploited on different scales (Park and Yoon, 2015; Haeusler et al., 2013) and more

emphasis is placed on features defined on the disparity image, such as the distance to depth discon-

tinuities (Spyropoulos and Mordohai, 2015; Park and Yoon, 2015) and the disparity distribution

within a local neighbourhood (Poggi and Mattoccia, 2016b). Using a random forest allows to learn

the importance, and thus the weighting, of individual features from training data. Consequently,

such approaches are typically more flexible than predefined linear aggregation schemes and are

able to address more divers characteristics than approaches based on a single feature. This idea

of learning the combination of several hand-crafted features from training data is pushed further

by the works of Seki and Pollefeys (2016) and Poggi et al. (2017), marking the advent of the deep

learning paradigm into uncertainty estimation for dense stereo matching. While the authors still

use hand-crafted features, neural networks are used to combine these features replacing the previ-

ously described random forest component. Despite the large diversity, the employed features are

still defined by hand, i.e., they can only evaluate characteristics on an abstract or general level,

lacking the ability to consider details or distinguish fine differences.

This issue is resolved by also learning the feature extraction from training data, modelling the

whole uncertainty estimation process as a single CNN. For this purpose, Confidence Convolutional

Neural Network (CCNN) presented by Poggi and Mattoccia (2016c) as well as the approaches

proposed by Poggi and Mattoccia (2016a, 2017) utilise square patches extracted from disparity

maps and centred on a pixel of interest to determine the uncertainty associated to the disparity

estimate of this pixel. The main idea of this approach is to analyse the disparity distribution of

such a patch, expecting smooth surfaces and sharp depth discontinuities rather than high frequency

patterns if the estimated disparities are correct. Seki and Pollefeys (2016) extend this idea and

propose to use two of such disparity patches, one related to the left, one to the right image of

a stereo pair, in order to incorporate the concept of left-right-consistency. In contrast, Fu et al.

(2019) suggest an approach called Late Fusion Network (LFN), in which patches from disparity

maps and the RGB reference image are both used as input for the network. As a result, additional

information on the scene appearance can be considered in the uncertainty estimation procedure.

For example, weakly textured areas can be easily identified based on the RGB image, which is

relevant since such areas are typically characterised by a higher uncertainty even if the associated

disparity estimates appear to be smooth, because of the challenge to localise matching points in

such an image region. Moreover, colour or intensity gradients in the reference image may support

or contradict the presence of depth discontinuities in the disparity map, allowing to refine the

corresponding uncertainty estimates (cf. the relation of image gradients and depth discontinuities

in Sec. 2.1.3). With the Local-Global Confidence Network (LGC-Net), Tosi et al. (2018) present

an approach that complements the features extracted from a local neighbourhood, as used by the
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methods discussed before, with information from the global context. For this purpose, a two-

part network architecture is proposed, which uses a local component (Fu et al., 2019; Poggi and

Mattoccia, 2016c) to detect details, such as high frequency changes, and an encoder-decoder-based

module to enlarge the receptive field. In summary, the CNN-based approaches discussed so far

learn to estimate aleatoric uncertainty on features from two-dimensional input only, neglecting

the three-dimensional cost volume. However, while processing three-dimensional data poses a

computationally more complex task, the additional information provided by such volumes may

allow for more accurate estimations, as demonstrated by hand-crafted approaches discussed earlier

and confirmed by the findings of Poggi et al. (2021a).

Kim et al. (2017) and Kim et al. (2019b) consider this aspect and propose to learn features on cost

volumes. Arguing that in general the cost distributions of raw cost volumes do not allow for direct

uncertainty estimation, they propose to preprocess the data. For this purpose, a certain number of

candidates having the lowest matching costs assigned are extracted from the cost volume for every

pixel, providing only the matching probabilities of these candidates to their network. However, this

preprocessing step limits the information provided to the actual uncertainty estimation, potentially

preventing the method from exploiting the full potential of learning features on cost volumes. In

(Kendall, 2017), on the other hand, uncertainty is learned from the cost volume directly, by passing

this volume through a single 3D convolutional layer before taking the average along the disparity

axis. While this seems to be a rather simple approach, it has to be mentioned that these two layers

are an extension to the GC-Net architecture (see Sec. 2.3.1) enabling the network to learn disparity

and uncertainty prediction jointly. Consequently, the cost volume is already optimised to also

contain information valuable for the prediction of uncertainty. While Shaked and Wolf (2017), Kim

et al. (2019a) and Kim et al. (2020) follow a similar approach to learn disparity and uncertainty

estimation jointly, the two latter ones additionally put a focus on learning features from several

input modalities, namely the reference image, the disparity map and the cost volume. Such multi-

modal input supports learning a higher diversity of features which appears to be beneficial. Despite

the fact that all the cost volume-based approaches discussed so far show convincing results, the

actual advantage gained by considering cost volumes instead of 2D input is difficult to assess in this

context: While the approaches working on information from the disparity map interpret uncertainty

estimation as a post-processing step of disparity estimation and thus assume the disparity estimates

to be constant, the approaches utilising cost volumes learn the tasks of disparity and uncertainty

estimation jointly. Consequently, the input of the uncertainty estimation task, which was assumed

to be constant before, can now be adapted during training to be optimally suited for this task.

However, this prevents the direct application of such an uncertainty estimation approach on other

dense stereo matching methods than the one it was developed for.

Finally, Gul et al. (2019) pursue a completely different approach by using a RNN to learn the

task of uncertainty estimation from individual cost curves. In this context, uncertainty estimation

is learned independently of the stereo matching task, which means that the cost information is

constant during training and that this approach does not suffer from the problem of not being

transferable to arbitrary dense stereo matching methods. Using a three-layer architecture including

a Long Short-Term Memory block, about 150 trainable parameters are sufficient to achieve results

comparable to those of disparity map-based CNN approaches and being even superior with respect
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to the ability to generalise to unseen data. This is remarkable, considering that such CNN-based

approaches typically have more than a hundred thousand parameters. However, in contrast to the

cost volume-based methods discussed before, this approach only processes the cost curve of a single

pixel (cf. Fig. 2.2) neglecting adjacent ones. Limiting the information considered in such a way,

this approach is vulnerable with respect to noise and outliers in the cost volume.

Stochastic Model

Driven by the fact that, in contrast to depth, typically no ground truth is available for the associated

uncertainty, uncertainty estimation has to be learned implicitly. While the difference between

the estimated and the ground truth disparity serves as basis for this task, considering only the

resulting residuals in the optimisation objective, limits the prediction capability to the estimation of

correction terms that may help to refine a initial disparity map. In order to assess the uncertainty in

this context, however, a relation between the actual error and the uncertainty has to be established.

In the case of aleatoric uncertainty, this typically requires the assumption of a certain stochastic

model over the predictions that is valid for all pixels.

Almost all of the methods mentioned in the previous section measure uncertainty in terms of

confidence (Hu and Mordohai, 2012; Tosi et al., 2018; Kim et al., 2019b). For this purpose, a score

between zero and one is assigned to every pixel, representing the probability of this pixel’s disparity

estimate being correct. Hence, confidence estimation is often realised as a binary classification task,

training a CNN to distinguish between correct and incorrect disparity estimates, while using the

class probability of correct as confidence score. The advantage of the confidence-based modulation

is its simplicity and the fact that it can be learned as a binary classification task: Specifying an

error threshold, the disparity estimates can be distinguished into correct and incorrect based on

their deviation from the corresponding ground truth. In this setup, the confidence results as the

class probability of a depth estimate being correct. While this approach allows to sort disparity

estimates with respect of their probability of being correct and thus, to sort out estimates that

are highly likely to be erroneous, it has several downsides: First, a confidence score is always

limited in its expressiveness to the specified error threshold, which is often set rather high, e.g.,

3 pixels (Poggi and Mattoccia, 2016a). This directly leads to the second problem that confidence

does not allow to draw a conclusion about the actual error magnitude other than being potentially

higher or lower than this threshold. An assessment of the uncertainty in pixels or metric units is

thus not possible. Following from that, the confidence-based model is difficult to integrate into an

uncertainty quantification approach combining individual estimates for the aleatoric and epistemic

uncertainty.

Alternatively, aleatoric uncertainty can be learned in a Bayesian way via maximum likelihood

estimation (Kendall and Gal, 2017). The basic idea of this approach is to understand the parameters

of a predetermined type of probability distribution, for example, mean and standard deviation

of a Gaussian distribution, as predictions, usually using the estimated disparity as the mean in

this context. The predictor, for example, a CNN as discussed in the previous section, is trained

to maximise a likelihood function, such that under the assumed distribution the ground truth
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disparity, which is used as observation, becomes most likely. While this approach is applied to

a diverse field of applications, such as semantic segmentation and monocular depth estimation

(Kendall and Gal, 2017), optical flow (Gast and Roth, 2018) and multi-view stereo based on a

single moving camera (Vogiatzis and Hernández, 2011), it is far less popular in the context of

dense stereo matching compared to the concept of confidence. This might be explained by the

requirement of more detailed knowledge on the real error distribution. However, contrary to the

concept of confidence, this approach allows to additionally quantify the uncertainty in pixels or

metric units.

Kendall (2017) adopts this Bayesian approach for uncertainty estimation in the context of dense

stereo matching, assuming a Gaussian distribution over the predictions of his model. By formulating

the loss function as the negative log likelihood of the assumed Gaussian distribution, the likelihood

is maximised using common deep learning optimisation strategies (see Sec. 2.3). Kendall and Gal

(2017) employ the same procedure for the task of monocular depth estimation, but assume a

Laplacian instead of a Gaussian distribution. They argue that the L1 norm, which corresponds

to the Laplacian distribution, commonly outperforms the L2 norm for vision-related regression

tasks. Moreover, it becomes apparent that this approach not only allows to quantify aleatoric

uncertainty, but also improves the accuracy of the disparity estimates by acting as a regulariser

which weights the disparity error of a training sample by the inverse of the estimated uncertainty.

Both, the Gaussian as well as the Laplacian model, assume a uni-modal error distribution expecting

a distinct global optimum that is good to localise. However, this is a strong simplification that is

often violated in real-world scenarios, e.g., in the context of dense stereo matching due to weakly

textured or occluded regions in an image. In contrast, Vogiatzis and Hernández (2011) and Pizzoli

et al. (2014) assume a mixture distribution to model the uncertainty inherent in the results of multi-

view stereo reconstructed from images captured with a single moving camera. The basic idea of this

assumption is that a depth sensor produces two types of measurements: good measurements that

are normally distributed around the correct depth and outlier measurements that are uniformly

distributed in an interval that contains the correct depth. Both distributions are combined by a

weighting factor set individually for each pixel, whereby the parameters characterising this mixed

distribution are iteratively adjusted by convex optimisation. Although the assumption of such a

mixture distribution better approximates the real error distribution, it has neither been investigated

in the context of dense stereo matching nor in a deep learning framework so far. Consequently, the

verification whether this approach is suitable to be combined with a deep learning-based functional

model, as described in the previous section, is still to be done.

3.3 Epistemic Uncertainty Estimation

Similar to the previous section on aleatoric uncertainty estimation, a differentiation into functional

and stochastic model is also possible addressing epistemic uncertainty. However, because epis-

temic uncertainty describes the uncertainty inherent in a certain method and its parameters, the

functional model is defined by the choice of this method, for example, as a specific CNN archi-

tecture designed to predict a disparity map from a stereo image pair as discussed in Section 3.1.
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Consequently, this section focuses on the possibilities to define the stochastic model, treating the

functional model as given. Compared to aleatoric uncertainty, which is commonly treated as an

additional predictive value, the estimation of epistemic uncertainty is typically more difficult. How-

ever, this type of uncertainty helps to mitigate the problem of overconfident predictions (Gal and

Ghahramani, 2016), which occurs in particular in the context of neural networks, and to identify

cases in which a method is highly uncertain regarding its prediction, for example, processing data

outside of the learned data distribution. To cope with this task, in particular the use of stochastic

neural networks has proven to be well suited. In contrast to the commonly employed deterministic

neural networks that learn point estimates as parameter values, stochastic ones allow to learn a

distribution over the parameters (Jospin et al., 2020). Epistemic uncertainty is then commonly

estimated via Monte Carlo sampling. Aggregating the predictions of the individual samples, this

procedure allows to approximate the central moments of the probability distribution describing the

final result, such as the mean and the variance.

In this context, ensemble learning can be understood as an approximation of such stochastic

neural networks. Training a set of structurally identical deterministic networks independently,

the predictions of the individual networks are combined at test time to estimate the epistemic

uncertainty. The most popular way of setting up such an ensemble is to use different initial values

for the network parameters, which is typically achieved by random initialisation with varying

seed values (Lakshminarayanan et al., 2017). However, also other types of ensembles exist, such as

training individual networks on different subsets of the training data (Breiman, 1996; Moukari et al.,

2019) or using the parameter values of the same network obtained after various numbers of training

epochs as individual networks to form an ensemble (Huang et al., 2017). Generally, it is argued

in the literature that procedures based on ensemble learning require less computational effort than

other variants of stochastic neural networks, while still leading to good results (Lakshminarayanan

et al., 2017; Ovadia et al., 2019). However, while such an approach may be reasonable for some

scenarios, it is not feasible for large architectures, especially if a larger set of networks is to be

considered in the ensemble. Because training (and potential fine-tuning) is commonly carried out

independently, the computational effort grows linearly with the size of the ensemble, also requiring

that the parameter values of all networks are present at test time, leading to an enlarged memory

footprint. Moreover, ensemble learning does typically not allow to consider prior knowledge on the

uncertainty or to model correlations between the network parameters or the individual instances

forming an ensemble.

A second realisation of the concept of stochastic neural networks is Monte Carlo dropout, which

is, for example, used by Gal and Ghahramani (2016), Kendall et al. (2017a) and Kendall and Gal

(2017). Similar to the variant of dropout commonly used for the purpose of regularisation during

training (Srivastava et al., 2014), Monte Carlo dropout places a Bernoulli distribution over the

network weights setting them to zero with a certain probability. However, the Monte Carlo variant

applies this procedure not only during training but also at test time. Thus, with every forward pass

a slightly different parametrisation of the same network is used to obtain a prediction, leading to

varying results. In contrast to most ensemble learning techniques, only the parameters of a single

network need to be learned and be present at test time, which clearly reduces the computational

effort during training as well as the memory footprint when testing. Furthermore, using Monte
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Carlo dropout, the number of forward passes and thus the size of the ensemble can be changed

flexibly at test time without the need to train further variants of the network. A potential weakness

of Monte Carlo dropout is that the uncertainty predictions are typically not calibrated, in the sense

that systematic deviations may exist between the estimated and the actual observable variance in

the test data. However, this problem can be mitigated when also learning the dropout probability

from the training data, for example, using variational dropout proposed by Kingma et al. (2015).

Another limitation is the frequent absence of the possibility to take into account prior knowledge or

the correlation between parameters of the network. Especially the latter appears to be problematic

in the context of CNNs, since the convolutional filter kernels are spatially correlated. While Ghiasi

et al. (2018) have investigated this issue for conventional dropout and presented a solution to

improve the regularisation capability by taking into account spatial correlations, the implications

of such correlations on the estimation of epistemic uncertainty remain an open research question.

BNNs constitute the third and last realisation of stochastic neural networks being discussed in

this section that allows to define a prior for the parameters of the network, treating the uncer-

tainty in a Bayesian manner (cf. Sec. 2.3.2). Despite the fact that the basic concepts of BNNs

are already known for decades (MacKay, 1992; Neal, 1995), they have only recently been used in

practice for more complex tasks, such as image-based object classification (Brosse et al., 2020).

For a rather long time, the complexity of larger BNNs was a major challenge causing training via

variational inference (Graves, 2011) to converge slowly and to sub-optimal solutions while requiring

high computational effort. Consequently, such approaches were mainly theoretically motivated but

had limited relevance in practice. However, more recent advances in the field of variational infer-

ence, such as stochastic variational inference (Hoffman et al., 2013), Bayes by backprop (Blundell

et al., 2015), the reparametrisation trick (Kingma et al., 2015) and flipout (Wen et al., 2018), have

mitigated this problems significantly. With a runtime required for training that is only slightly

increased compared to a deterministic baseline, nowadays BNNs can be trained faster than an en-

semble of networks. Moreover, this type of stochastic neural networks offers the flexibility to model

the distribution over the parameters in various ways, considering prior information, and to also

take into account correlations between parameters. In this context, the network parameters are

not learned directly, but drawn from a learned variational distribution. While the randomness of

the sampled network parameters offers a natural regularisation during training and minimises the

risk of over-fitting, learning a variational distribution may lead to a significant increase of trainable

parameters. Assuming, for example, that every network parameter is drawn from a Gaussian distri-

bution, two variational parameters would need to be learned per network parameter to parameterise

this Gaussian. Thus, already a rather simple type of distribution, such as a Gaussian, doubles the

number of trainable parameters compared to a deterministic baseline if the covariance matrix is

assumed to be diagonal, i.e., correlations are not considered. Addressing this issue, Zeng et al.

(2018) and Brosse et al. (2020) have recently proposed to treat only some layers of the network in a

probabilistic manner while keeping all others deterministic. Following this procedure, the number

of parameters and the computational effort can be reduced, while achieving comparable results

with respect to the prediction accuracy and the quality of the estimated epistemic uncertainty.

However, so far this approach is only examined with respect to classification tasks and requires

further investigations, especially with respect to regressions tasks such as dense stereo matching.
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3.4 Discussion

Based on the findings from the literature reviewed in the previous sections, current limitations are

identified and research questions that remain open in the context of dense stereo matching and the

estimation of the associated uncertainty are summarised and discussed in this section. The insights

of this discussion serve as further motivation of the methodology proposed in this work and are

addressed in the subsequent chapter.

Dense Stereo Matching

As revealed by the literature review, the introduction of deep learning marked a milestone in the

development of dense stereo matching techniques, increasing the accuracy achieved significantly.

This is especially true for approaches that interpret the taxonomy of Scharstein and Szeliski (2002)

holistically and implement all of its stages as part of a single consistent neural network that is

trained end-to-end. However, recent publications also demonstrate that a number of long-known

challenges remain, for example, posed by weakly textured areas, occlusions and repetitive patterns.

Moreover, these challenges are accompanied by new ones caused by the mainly data-driven nature

of deep learning-based procedures. In this context, the need for a huge set of training data with

reference disparity has to be mentioned, however, the sensitivity regarding domain gaps between

training and test data poses a vastly larger problem. In case that the training and test dataset

belong to different domains, such as indoor and outdoor, commonly a clear decrease of accuracy has

to be expected. Consequently, despite the often convincing results of recent dense stereo matching

methods, the estimation of the uncertainty associated to a disparity estimate remains an important

aspect and is crucial to identify circumstances in which such methods lead to inaccurate or even

completely incorrect results. Furthermore, with respect to the previously addressed challenges, the

consideration of both aleatoric as well as epistemic uncertainty appears to be crucial. Deep learning-

based procedures more strongly require to estimate epistemic uncertainty due to the additional

uncertainty of the learned model parameters alongside the model form uncertainty that was already

inherent in conventional hand-crafted methods. Bayesian deep learning, in particular, rather opens

up new possibilities allowing to accurately model and assess these kinds of uncertainties which was

previously not possible or only hardly feasible.

Aleatoric Uncertainty Estimation

Analysing the advantages of the different approaches for estimating aleatoric uncertainty, it is

noticeable that learned features outperform hand-crafted ones and that features defined on cost

curves demonstrate superior performance. However, most approaches in the literature preprocess

cost volumes before providing them to a neural network in order to estimate the uncertainty (Kim

et al., 2017; Kim et al., 2019b). While it is argued that such preprocessing steps are beneficial

to reduce the computational effort or to increase the robustness of these procedures, they often

reduce the amount of information contained in the cost volumes. Thus, information that may be
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beneficial for the task of aleatoric uncertainty estimation is neglected, artificially limiting the quality

of the resulting uncertainty. Moreover, it is evident that the consideration of multiple cost curves

belonging to pixels located within a local neighbourhood leads to a more robust estimation than

relying on a single cost curve, as the impact of noise is mitigated in a better way. Consequently,

it appears to be reasonable to extract features directly from raw cost volumes taking into account

the information corresponding to multiple pixels.

With respect to the stochastic model, most of the works published in the literature focus on

the estimation of confidence. While confidence is rather simple to learn by formulating it as

a binary classification task, its expressiveness is limited: The predicted probability of a pixel’s

disparity estimate being correct is always to be understood relative to an error threshold that

needs to be specified before training. The actual error magnitude is thus not assessable, which

makes it impossible to express the uncertainty in pixels or metric units. Approaches from the

field of Bayesian deep learning allow to overcome this limitation by learning the parameters of a

probability distribution describing the result (Kendall and Gal, 2017), i.e., in the context of dense

stereo matching, a disparity estimate. Thus, aleatoric uncertainty, for example, in form of the

variance, is either predicted by a network directly as additional output or can be derived from the

predicted disparity distribution. Following this procedure, only uni-modal distributions, such as a

Laplacian or Gaussian distribution, are employed in the context of depth prediction based on mono

or stereo images so far (Kendall and Gal, 2017; Kendall, 2017). However, such distributions imply

the presence of a single and distinct global optimum, an assumption that is not valid for all pixels

in the context of matching and is violated, for example, in the case of occluded pixels or pixels

located in weakly textured areas of an image. Consequently, the usage of mixture distributions

might be beneficial to approximate the real error distribution more accurately.

Epistemic Uncertainty Estimation

With the rise of deep learning and stochastic neural networks in particular, the estimation of epis-

temic uncertainty became practically feasible. However, most works published in the literature focus

on rather simple applications, such as regression problems predicting chemical (Hernández-Lobato

and Adams, 2015), physical (Gal and Ghahramani, 2016) or simulated functional dependencies

(Blundell et al., 2015) that involve a small number of parameters trained on just a few hundred

data samples. In the context of photogrammetry and computer vision, mainly classification prob-

lems are addressed, for example, classifying hand-written digits from the MNIST dataset (Kingma

et al., 2015; Gal and Ghahramani, 2016; Zeng et al., 2018) or objects from the CIFAR or Ima-

geNet datasets (Lakshminarayanan et al., 2017; Brosse et al., 2020). Lately, also more challenging

tasks are investigated, such as monocular depth prediction (Kendall and Gal, 2017; Moukari et al.,

2019) or semantic segmentation (Kendall and Gal, 2017; Kendall et al., 2017a). To the best of the

author’s knowledge, dense stereo matching was not yet subject of investigations in the context of

epistemic uncertainty estimation. To cope with these tasks, most works rely either on ensemble

learning or on Monte Carlo dropout. However, ensemble learning requires training every network

of an ensemble independently and retaining all learned parameters at test time. Thus, at present

such a procedure is not reasonable for more complex tasks that require large neural networks, such
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as CNNs designed for the purpose of dense stereo matching. Monte Carlo dropout, on the other

hand, has demonstrated to work well on a broad variety of applications including complex tasks,

without leading to such a computational overhead. However, Monte Carlo dropout is limited to

a Bernoulli distribution over the network parameters with tuning the dropout rate being the only

option for adaptation. With the recent developments of variational inference, also BNNs achieved

practical relevance, yet offering more flexibility to model stochastic properties compared to the

other approaches discussed so far. With the ability to consider prior knowledge and correlations

between different network parameters, BNNs appear to be a powerful tool to estimate epistemic

uncertainty that is worth being investigated in more detail from the practical perspective of dense

stereo matching.
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4 Uncertainty Estimation for Dense Stereo Matching -

A New Method

In this chapter a novel method to estimate aleatoric and epistemic uncertainty in the context of

dense stereo matching is proposed. Starting with an overview including a description of the input

data and the problem statement in Section 4.1, approaches to estimate aleatoric (Sec. 4.2) and

epistemic uncertainty (Sec. 4.3) are first introduced separately before proposing a way to combine

them in Section 4.4. This chapter closes with a discussion in Section 4.5, addressing assumptions

made in the context of this approach as well as limitations of the presented methodology.

4.1 Overview

The overall objective of the method proposed in this work is the estimation of uncertainty associated

to disparity estimates obtained via dense stereo matching. For this purpose, both aleatoric as well

as epistemic uncertainty is considered, which arise from uncertainty contained in the data or is

inherent in the specified model and its parameters, respectively. The input to the proposed method

are stereoscopic image pairs (IL, IR), referring to the left image IL of such a pair as the reference

image. It is assumed that both images were captured simultaneously, allowing to neglect the

influence of movements of parts of the scene depicted, and have a reasonable overlap in which

the depth can be determined via triangulation. Moreover, it is assumed that the stereo setup is

calibrated, which implies that the interior orientations of both cameras and the relative orientation

between them is known. Lastly, the stereo image pairs are presented to the proposed method after

planar rectification, resulting in epipolar lines that coincide with the image rows (cf. Sec. 2.1.1).

The expected output is a tuple, consisting of a disparity map D and an uncertainty map U,

which correspond to the reference image, having the same size, and containing a disparity estimate

dp and a variance σ2
p for every pixel p of the reference image, respectively. Thus, the functional

relationship between input and output is described as:

f(IL, IR) = (D,U) . (4.1)

To allow for separate investigations, this function is further subdivided into three main processing

steps: cost volume construction f (c), disparity estimation f (d) and aleatoric uncertainty estimation

f (a). In this context, f (c) includes all stages of the classical taxonomy of Scharstein and Szeliski

(2002) that relate to the cost volume, in particular, the cost computation and cost aggregation

stages as well as a global optimisation, potentially carried out on the cost volume. The extraction

of the disparity map from the (optimised) cost volume is in turn represented by f (d). Note that
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no post-processing techniques are investigated or applied in the context of this work, which is the

reason for neglecting this stage in the functional relationship presented. Lastly, the uncertainty

map U is assumed to be an aggregation of the aleatoric and epistemic uncertainty maps UA and

UE corresponding to the disparity estimation procedure described. These considerations lead to

the following refined functional relationship:

f (c)(IL, IR) = C , f (a)(C) = UA , f (d)(C) = (D,UE) , (4.2)

where C describes a three-dimensional cost volume, corresponding to the reference image, as intro-

duced in Section 2.1.2. In the following sections, the individual steps are first addressed separately,

before being fused and considered as a whole in Section 4.4. In more detail, a CNN-based approach

that implements f (a) and that is trained with techniques from the field of Bayesian deep learning

is presented in Section 4.2, assuming f (c) to be arbitrarily defined. Thus, the proposed approach

to estimate aleatoric uncertainty is able to operate on various methods computing matching costs.

Contrary, f (c) together with f (d) are realised as a BNN described in Section 4.3, to estimate dispar-

ity and epistemic uncertainty jointly. Note that parts of the methodology presented in this chapter

have already been published in: (Mehltretter, 2020), (Mehltretter and Heipke, 2021) and (Zhong

and Mehltretter, 2021).

4.2 Aleatoric Uncertainty Estimation

The estimation of uncertainty commonly requires a functional and a stochastic model. While the

latter defines how uncertainty is understood in a certain context, for example, as a specific proba-

bility distribution described by a set of parameters, the functional model specifies how the values of

these parameters are determined based on information inherent in the input data. Motivated by the

two promising directions of deep learning- and cost volume-based aleatoric uncertainty estimation

discussed in the literature review, in this work, a novel CNN architecture is proposed as functional

model in Section 4.2.1, allowing to estimate aleatoric uncertainty from 3D cost volumes directly.

In addition, two novel approaches defining the stochastic model based on mixture distributions

and in a Bayesian way are presented in Section 4.2.2, allowing to train the proposed network with

techniques from the field of Bayesian deep learning, i.e., maximising the likelihood of the predicted

uncertainty over the predefined probability distribution.

4.2.1 CNN-based Cost Volume Analysis

As stated in the overview, this section focuses on the aleatoric uncertainty estimation step f (a)

(cf. Eq. 4.2), assuming the cost computation and disparity estimation steps as arbitrarily defined.

Thus, a cost volume to be processed may originate from any cost computation method, for example,

from conventional hand-crafted ones such as Census-based block matching (Zabih and Woodfill,

1994) or Semi-global matching (Hirschmuller, 2008) or from deep-learning-based ones such as MC-

CNN (Zbontar and LeCun, 2016) or GC-Net (Kendall et al., 2017b). Thus, the approach to estimate

aleatoric uncertainty from cost volumes presented in the following, is not limited to a specific method
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(a) Ideal curve (b) Distinct global minimum (c) Ambiguous minima (d) Flat minimum

Figure 4.1: Cost curve-based aleatoric uncertainty estimation. (a) An ideal curve, characterised by

a single minimum with zero cost and all other values being one. (b) A more realistic curve with

multiple minima, but a reliably identifiable global minimum. (c) No distinct global minimum

is identifiable, making the determination of the correct correspondence unreliable - a typical

behaviour in areas with repetitive patterns. (d) The occurrence of a wide and flat minimum is

a typical behaviour in non-textured areas and leads to an inaccurate localisation of the correct

correspondence. While (a) and (b) are typically assigned a low uncertainty, the uncertainty for

(c) and (d) is significantly higher. Source: Mehltretter and Heipke (2019).

computing the matching cost. However, it is assumed that the matching cost within such a volume

is normalised to the interval [−1, 1]. Besides this normalisation, no further preprocessing of the cost

volume is assumed or carried out, minimising the risk to limit the amount of information provided

to the proposed CNN. As introduced in Section 2.1.2, the width w and height h of a cost volume

correspond to the width and height of the reference image, while the matching cost information is

encoded along the z axis via so-called cost curves (cf. Fig. 2.2). Regardless of the cost computation

method they originate from, typical characteristics can be observed for such cost curves, which can

be used to predict the aleatoric uncertainty associated to a disparity estimate: A disparity estimate

with low uncertainty is characterised by a clearly identifiable and unambiguous global minimum

(Fig. 4.1a and 4.1b). In contrast, a clearly higher uncertainty is usually present if either no distinct

global minimum can be identified (Fig. 4.1c) or if the global minimum is wide and flat, making

the localisation of the correct correspondence inaccurate (Fig. 4.1d). Such ambiguous situations

commonly occur when trying to match pixels that are occluded in one of the images or that are

located in areas with weak or highly repetitive texture. While cost curves help to identify such

ambiguous matches, they typically do not provide enough information to detect local outliers, for

example, caused by noise or artefacts in the images. To overcome this limitation, it is reasonable to

not process individual cost curves, but analyse cost volume extracts, which consist of multiple cost

curves corresponding to pixels located within the local neighbourhood around a pixel of interest

(cf. Fig. 2.2). Such a procedure combines the advantages of using patch-based and cost curve-based

features for the task of aleatoric uncertainty prediction.

To realise this idea and to learn the relationship between aleatoric uncertainty and features defined

on the 3D cost volume, a novel CNN architecture referred to as Cost Volume Analysis Network

(CVA-Net) is presented in this thesis. This architecture follows the idea of a feedforward network

and consists of three main components: neighbourhood fusion, depth processing and uncertainty

estimation (cf. Fig. 4.2). A detailed layer-by-layer definition can be found in Table 4.1. As input,

the network takes cost volume extracts of size ŵ × ĥ× |δ|. As a result of preliminary experiments

with extracts of different sizes, the size of the perceptive field is set to ŵ = ĥ = 13 pixels, providing
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Figure 4.2: Overview of the architecture of CVA-Net (Cost Volume Analysis Network). Consisting

of three main elements, the network first fuses a cost volume extract into a single cost curve,

then this curve is further processed along the disparity axis. These two parts are realised using

3D convolutions, each followed by batch normalisation (BN) and a ReLU non-linearity. While

the convolutional kernels have a fixed size in all layers of the first part, the depth of the filter

kernels fd varies in the second part. The average pooling layer together with the regression head

at the end of the network allow to estimate the aleatoric uncertainty pixel by pixel independent

of the depth of the cost volume extract. The definition of the regression head depends on the

stochastic model used, with concrete implementations shown in Figure 4.3. Source: Adapted

from Mehltretter and Heipke (2019).

a good trade-off between the amount of information available to the network and the computational

effort caused by the employed 3D convolutional layers. In order to process complete cost curves,

the depth |δ| of an extract is chosen to be equal to the depth of the cost volume. Due to the global

average pooling layer in the uncertainty estimation stage, CVA-Net is capable of processing cost

volumes of variable depth, meaning that no retraining is needed if the disparity range considered by

the cost computation method changes. Contrary to the consideration of a fixed cost volume depth,

for example, implied by the usage of a fully-connected instead of an average pooling layer, such a

varying depth may be beneficial in both directions: Enlarging the depth and thus the search range

for potential correspondences in the stereo image pair is reasonable if the depicted scene contains

objects that are located very close to the image planes. Such objects have a large disparity, which

cannot be determined if the search range considered is too small. On the other hand, reducing the

depth of a cost volume and thus the search range lowers the risk of facing ambiguous matching

results which typically leads to disparity maps of higher accuracy. Because different scenes are

typically characterised by different depth distributions, it is reasonable to be able to adjust the

search range dynamically, assuming that a certain amount of prior knowledge on this distribution

is available.

The first part of the network, the neighbourhood fusion, merges the information contained in

a cost volume extract into a single 1D feature vector using 3D convolutional layers with a filter

kernel size of 5× 5× 5. The basic idea behind this step is equivalent to that of most region-based

matching approaches: Including neighbourhood information increases the robustness. Especially if

the cost curve corresponding to the pixel of interest is affected by noise or delivers an ambiguous

solution, neighbourhood information may be beneficial. The depth of the 3D convolutional filters
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Table 4.1: Summary of the proposed CVA-Net architecture. Unless otherwise specified, each layer

is followed by batch normalisation (BN) and a ReLU non-linearity. Note that the last layer,

the regression head, and the number of its outputs depend on the stochastic model used. See

Figure 4.3 for details on the concrete implementations.

Layer Description
Output Map

Dimensions

Input Cost Volume Extract 13×13×|δ|
Neighbourhood Fusion

1 3D conv., 5×5×5, 32 filters 9×9×|δ| − 4

2 3D conv., 5×5×5, 32 filters 5×5×|δ| − 8

3 3D conv., 5×5×5, 32 filters 1×1×|δ| − 12

Depth Processing

4 3D conv., 1×1×8, 32 filters, zero padding 1×1×|δ| − 12

5 3D conv., 1×1×16, 32 filters, zero padding 1×1×|δ| − 12

6 3D conv., 1×1×32, 32 filters, zero padding 1×1×|δ| − 12

7-13 3D conv., 1×1×64, 32 filters, zero padding 1×1×|δ| − 12

Uncertainty Estimation

14 Global average pooling, linear activation, no BN 1×1×32

15 Generic regression head various

associated to this part of the network is set to five to handle minor shifts of the curves relative

to each other, e.g., caused by discretisation errors which may occur during the cost computation

step. The number of layers employed within this part can directly be derived from the size of

the perceptive field, because in the specified configuration, every convolutional layer reduces the

extents of the feature map by four in every direction.

In the subsequent depth processing part, the resulting 1D feature vector is further processed in

order to derive high-level features characterising the cost volume extract. In a simplified way, this

part can be interpreted as the extraction of features, such as position and number of local optima

and the curvature of the cost curve, which are subsequently used to determine an uncertainty value,

as exemplarily shown in Figure 4.1. It is noteworthy that the filter depth fd increases with the layer

depth: Starting with fd = 8 the value is doubled with every new layer until fd = 64 is reached.

The design with increasing filter depth as well as the number of layers within this part of the

network were optimised empirically. However, this design is inspired by the idea that features at a

lower level rather consider a local neighbourhood, for example, to identify a local optimum, while

features at a higher level rather gather information from a wider context, for example, to aggregate

the number and distribution of optima. Furthermore, zero padding is utilised for all convolutions

in the depth processing part of the network. This keeps the size of the output feature map constant

and, compared to no padding, provides a larger number of features as input for the subsequent

uncertainty estimation.

The third and last part of the network consists of a global average pooling layer and a regression

head to predict an uncertainty value based on the previously extracted features. The idea behind

this part is illustrated in Figure 4.1 in a simplified form. Note that the actual implementation of

the regression head depends on the stochastic model used, leading to different definitions of this

final layer as well as varying numbers and types of outputs. Details on this layer are thus given
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(a) Confidence (b) Uni-modal (c) Mixture (d) Scene-aware

Figure 4.3: Regression head variants of CVA-Net. While the basic architecture of CVA-Net is equal

for all stochastic models proposed, the regression head, i.e., the final layer, differs. Note that

all 3D convolutions in this layer have a kernel size of 1 × 1 × 1. (a) For confidence estimation

via binary classification, the confidence γ with γ ∈ [0, 1] is predicted. (b) In the uni-modal

case, the log standard deviation sL of a Laplace distribution is predicted. (c) For the mixture

model, log standard deviations sL and sU of a Laplace and a uniform distribution as well as

the mixture coefficient α with α ∈ [0, 1] are predicted. Finally, the log standard deviation sL/U

either describing a Laplace or a uniform distribution and a region indicator o with o ∈ {0, 1}
specifying which type of distribution is assumed are predicted for the scene-aware model.

as part of the descriptions of the different stochastic models in Section 4.2.2, with an overview

of all variants shown in Figure 4.3. Due to the absence of fully-connected layers, the proposed

CVA-Net architecture is characterised as being fully convolutional. This allows training on image

patches while computing an uncertainty map of the full resolution image in a single forward pass

at test time. However, this of course also allows for piece-wise processing of the cost volume if

hardware restrictions have to be taken into account. With less than 800.000 trainable parameters,

the proposed CVA-Net is relatively compact compared to state-of-the-art CNNs designed for the

task of aleatoric uncertainty estimation, which often have several million parameters.

4.2.2 Uncertainty Models

The task of disparity estimation from stereo images is commonly learned in a supervised manner,

minimising the difference between estimates and corresponding reference data. In the context of

uncertainty estimation, such reference data is typically not available, preventing the application of

a comparable direct learning procedure. However, under the assumption of a specific uncertainty

model, it is possible to learn uncertainty from the distribution of the disparity error, i.e., the

deviations between estimated and ground truth disparity, implicitly. While confidence estimation

stated as binary classification task is especially popular in the literature, stochastic models based

on Bayesian theory have demonstrated to be superior in the sense that they allow the quantification

of uncertainty in pixels or metric units (cf. Sec. 3.2). Thus, besides confidence estimation, different

variants to set up the stochastic model for the purpose of aleatoric uncertainty estimation in a

Bayesian manner are presented and discussed in the following, namely a uni-model variant based

on a Laplacian distribution as well as two mixture models, taking outlier measurements or the

characteristics of the depicted scene explicitly into account. In addition to different loss functions

for each variant, also varying definitions of the final network layer, i.e., the regression head, necessary

to predict the parameter values of the assumed probability distribution, are presented and explained

in detail in the subsequent paragraphs.
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Confidence Estimation via Binary Classification

In the context of dense stereo matching, the task of predicting aleatoric uncertainty is commonly

interpreted as confidence estimation (Tosi et al., 2018; Fu et al., 2019). Understanding confidence as

the probability that a particular disparity estimate is correct, a CNN can be trained to distinguish

between correct and incorrect disparity estimates, while using the class probability of correct as

confidence score (see Sec. 3.2). To obtain this probability, the final layer of CVA-Net is defined as

a 3D convolutional layer with a kernel size of 1 × 1 × 1 followed by a sigmoid non-linearity (see

Fig. 4.3a). In addition, a specific error definition is needed to cast the continuous range of disparity

estimates into binary class labels used as ground truth for training and testing. For this purpose,

the error metric proposed by Menze and Geiger (2015) is used: A disparity estimate d is assumed

to be correct if either |d− d̂| < 3 pixels or |d− d̂| < (d̂ · 0.05), where d̂ is the corresponding ground

truth disparity. Using the predicted confidence score γ and the ground truth class labels γ̂, this

first variant of our network is trained by minimising the weighted binary cross-entropy loss:

LConfidence =
1

|D|
∑
p∈D

wp · h(γp, γ̂p) , with:

wp = γ̂p · (wcorr − 1) + 1 and h(γ, γ̂) = −γ̂ · log(γ)− (1− γ̂) · log(1− γ) ,

(4.3)

where D is a set of pixels with known ground truth disparity. While the function h computes the

standard binary cross-entropy, samples with a correct disparity estimate are weighted by the ratio

between incorrect and correct training samples wcorr. This ratio is considered in the loss function

to account for unbalanced training sets, which prevents the network from learning to preferably

predict the more frequent class.

Uni-Modal Probabilistic Model

In contrast to the stochastic model based on confidence estimation, all subsequent variants learn

to predict aleatoric uncertainty in a Bayesian way. For this purpose, first a specific probability

distribution is assumed to describe the uncertainty contained in the data. The values of the

parameters characterising this distribution are either predicted by CVA-Net, for example, the

standard deviation representing the uncertainty, or derived from the cost volume using an operation

defined by the stereo matching method the volume originates from, for example, the disparity

estimate via the argmin operation. Note that the estimation of aleatoric uncertainty is assumed

to be independent of the disparity estimation process. Thus, only the parameters representing the

uncertainty are variable and adjusted during the training process, with the objective of maximising

the likelihood of the corresponding ground truth disparity (Kendall and Gal, 2017), as illustrated in

Figure 4.4. Following this procedure, aleatoric uncertainty can be learned as variance or standard

deviation from the distribution of the disparity error, thus avoiding the need for a direct reference

for the uncertainty, such as explicit parametrisations of the probability distribution.

Based on the common usage of the L1 norm in the context of training a CNN for the task of

disparity regression (Mayer et al., 2016; Kendall et al., 2017b), the Laplace distribution is used to

describe the aleatoric uncertainty, which in turn applies the L1 norm to the disparity residuals. To
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(a) Small disparity error (b) Larger disparity error

Figure 4.4: Principle of likelihood maximisation in the context of aleatoric uncertainty estima-

tion. In both scenarios, the uncertainty is modelled as a Laplace distribution, using the estimated

disparity d as mean and the predicted uncertainty as standard deviation σ to parameterise the

distribution. (a) Having a small disparity error, here |d − d̂| = 0.5 pixels, a smaller standard

deviation is preferred, because it results in a higher likelihood for the reference disparity d̂. (b)

With a larger disparity error, however, also a larger standard deviation is preferable. Thus,

uncertainty estimation can be learned based on the disparity error by maximising the likelihood

of the ground truth disparity over the assumed probability distribution.

enable the use of common optimisers, the objective of the deep learning-based optimisation process

is formulated as the negative log likelihood of this distribution:

− log p(d̂p|dp) ∝
√

2

σp
|dp − d̂p|+ log(σp) , (4.4)

where d is the estimated and d̂ the ground truth disparity, while σ is the standard deviation of

the assumed Laplace distribution representing the aleatoric uncertainty for the respective pixel.

Similar to a procedure proposed in (Kendall and Gal, 2017) for using a loss function based on

the negative log likelihood of a Gaussian distribution, σ is substituted with s = log(σ) in the loss

function. This substitution makes the training process numerically more stable and prevents the

loss function from being divided by zero. Thus, with this modification, CVA-Net is trained to

predict the log standard deviation, using a 3D convolutional layer with a kernel size of 1 × 1 × 1

without a subsequent non-linearity as final layer (see Fig. 4.3b). Finally, the loss function of the

uni-modal probabilistic variant is defined as:

LLaplace =
1

|D|
∑
p∈D

√
2

exp(sp)
|dp − d̂p|+ sp . (4.5)

Outlier-aware Mixture Model

The variant described before, models the uncertainty contained in the data using a Laplacian

distribution and is thus based on the assumption that the disparity error of every pixel can be

approximated reasonably well using such a uni-modal distribution. This assumption implies that a

best match exists in the second image (having minimal matching cost) for every pixel in the reference

image and that the probability of any other candidate to be the correct correspondence decreases
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with increasing distance to this best match. Therefore, the usage of a uni-modal distribution is

directly associated to the unique matching assumption introduced in Section 2.1.3. However, as

already discussed in the context of this assumption, it is regularly violated, due to various reasons

that result in either multiple or no potential matches. Consequently, also the usage of a uni-modal

probability distribution to represent aleatoric uncertainty is not reasonable for all pixels in an

image, leading to the need for a more sophisticated model.

With the mixture model presented in this section, this issue is addressed from the perspective of

measurement reliability, explicitly taking care of cases which violate the aforementioned assumption.

For this purpose, the approach of Vogiatzis and Hernández (2011) and Pizzoli et al. (2014) is

adapted, which differentiates between two types of measurements produced by a depth sensor: good

measurements that are uni-modally distributed around the correct depth and outlier measurement

that are drawn from uniform distributions. Based on the considerations regarding the previous

model, good measurements are again assumed to be Laplacian distributed. However, instead of

demanding an exclusive representation by one of the two distributions, a weighted mixture of both

distributions is assumed for every disparity estimate, following the procedure of Vogiatzis and

Hernández (2011). In the context of this work and contrary to their approach, the parameters of

this mixture distribution are not estimated via conventional convex optimisation, but in a Bayesian

deep learning setup with the objective to maximise the likelihood, analogous to the optimisation

based on the uni-modal variant described before. The loss function for this variant is thus defined

as:

LMixture =
1

|D|
∑
p∈D

αp · LL + (1− αp) · LU , (4.6)

where the inlier probability α, together with the log standard deviations of the Laplace distribution

sL and the uniform distribution sU are predicted by CVA-Net, again applying the substitution of

s = log(σ). For this purpose, the regression head of this variant consists of three parallel 3D

convolutional layers with kernel size 1 × 1 × 1. One of these layer is followed by a sigmoid non-

linearity to ensure that α ∈ [0, 1], while the output of the two other layers are directly used as log

standard deviations to parameterise the assumed distributions (see Fig. 4.3c). The log likelihood

terms of the two distributions themselves are further defined as:

LL =

√
2

exp(sp)
|dp − d̂p|+ sp , (4.7)

which is identical to the definition of the Laplacian distribution in the uni-modal variant and:

LU =

0.5x2 if |x| ≤ γ

γ|x| − 0.5γ2 otherwise ,
(4.8)

which represents the log likelihood term of the uniform distribution. In this context, x is defined as

the difference between the absolute disparity error and half the length of the interval with uniform

distribution rp, resulting in: x = |dp− d̂p| − rp. While the ground truth disparity d̂ needs to lie in

the interval [d− r, d+ r] to maximise the probability, x is minimised to prevent the network from

predicting unreasonable large intervals. With the relationship between the interval length and the

standard deviation σU of the uniform distribution, it further is: r =
√

3σU . The complete term

LU is set up in form of a Huber loss function (Huber, 1981), which combines the advantages of the



46 4 Uncertainty Estimation for Dense Stereo Matching - A New Method

L1-loss (constant gradients for large values of x) and the L2-loss (less oscillation and thus more

stability when x becomes close to zero). Finally, the variance of the presented mixture model is

computed according to the general definition of mixture distributions:

σ2 =

n∑
i=1

wi(σ
2
i + µ2

i − µ2) , (4.9)

where µi and σ2
i are the mean and variance of the ith component of the mixture distribution

weighted by wi and µ is the mean of the mixture distribution itself. Based on the assumption that

the mixture distribution consists of only two components, a Laplace and a uniform distribution,

and that the means of both components are equal to the estimated disparity, the computation of

the variance σ2
A describing the aleatoric uncertainty can be simplified as follows:

σ2
A = α · σ2

L + (1− α) · σ2
U , (4.10)

where σ2
L and σ2

U are the variances corresponding to the Laplace and the uniform component,

respectively, and α is the inlier probability predicted by CVA-Net, as already defined before.

Scene-aware Model

The previously introduced outlier-aware model learns the ratio between inlier and outlier distribu-

tion completely from the training data, without posing any assumption on the composition of the

resulting mixture distribution. In contrast, the last variant to be presented in this thesis links the

composition of the mixture distribution with the characteristics of the depicted scene, resulting in

a scene-aware model. In more detail, this variant is based on the discussion that arose from the

unique matching assumption that pixels can be divided into two categories according to their com-

pliance or violation of this assumption. As discussed in Section 2.1.3, such violations are commonly

caused by scenarios that lead to multiple or no potential matches, for example, weakly textured

areas or occlusions. Following this concept, in this variant the uncertainty assigned to a pixel is

either modelled using a Laplace distribution, if a pixel in the reference image is expected to have

an unambiguous correspondence in the second image, or with a uniform distribution, if the unique

matching assumption is expected to be violated. Thus, the two types of distributions are not fused

but used exclusively.

To be more specific, the two most common challenging scenarios in the context of dense stereo

matching are considered in the definition of this model: weakly textured areas in an image and

occluded regions. A typical behaviour for pixels in the reference image located in such weakly or

non-textured areas is the occurrence of a wide and flat minimum in the corresponding cost curve

(cf. Fig. 4.1d). Thus, multiple potentially matching pixels exist that are all characterised by similar

costs and therefore have a similar probability of being the correct correspondence. This behaviour

can be approximated with a uniform distribution on an interval that covers all disparities leading

to pixels in the second image that are located in the same weakly textured area as the pixel of

interest in the reference image, as illustrated in Figure 4.5. In the case of occlusion, in contrast, no

correct correspondence exists for a certain pixel in the reference image. However, the appearance

of the corresponding cost curve may be similar to the ones belonging to pixels located in weakly
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(a) Left image (b) Right image (c) Cost / probability density

Figure 4.5: Basic principle of the proposed scene-aware model. While a Laplace distribution centred

on the supposed optimal disparity is assumed for pixels with an unambiguous global minimum

in the corresponding cost curve, such a minimum can typically not be determined for pixels

that are located in a weakly textured area in the reference image (blue) or that are occluded

in the second image (green). Instead, the error resulting from such scenarios is assumed to be

uniformly distributed over a certain interval. The optimisation objective of the scene-aware model

encourages CVA-Net to predict these intervals to be as small as possible, while still containing

the correct disparities (indicated in (b) by arrows and in (c) by dashed lines).

textured areas, being characterised by the absence of a distinct global minimum. Due to the non-

existence of a correspondence, the most basic approach would be to assume a uniform distribution

over the whole disparity search range and thus to assign the same probability of being associated

to the correct match to all possible disparities. However, the presence of occlusion requires an

object in the scene that is located between the camera and the object point belonging to the pixel

of interest in the reference image, hence occluding this point in the second image. Based on this

considerations, the interval of uniform distribution can in principle be narrowed down to the pixels

depicting this foreground object, as illustrated in Figure 4.5.

As errors arising from both, weakly textured and occluded regions, are assumed to be uniformly

distributed in specific intervals, while the error of pixels fulfilling the unique matching assumption

is expected to be Laplacian distributed, a loss function similar to the one of the previous variant

is proposed:

LScene =
1

|D|
∑
p∈D

ci · LL + (1− cp) · LU + βp · h(op, ôp) , (4.11)

where LL and LU are the Laplacian and the uniform likelihood terms as defined in Equations 4.7

and 4.8, respectively. However, as mentioned before, the two types of distributions are not mixed

to describe the uncertainty corresponding to the disparity estimate of a certain pixel but used

exclusively. Thus, c is a binary variable indicating whether the unique matching assumption is met

or not. According to the definition of this binary classification discussed earlier, c is defined as:

c = ¬o∧¬t, where o specifies if the correspondence in the second image is occluded and t whether

the pixel in the reference image is located in a weakly textured area. While t can be determined

based on the reference image directly, for example, based on the criterion specified by Scharstein and

Szeliski (2002), o is predicted by CVA-Net in addition to the log standard deviation (see Fig. 4.3d).

In order to optimise the capability of predicting whether a pixel’s correspondence is occluded or
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not, the loss function is extended by a binary cross-entropy term h as defined in Equation 4.3,

minimising the difference between the predicted occlusion values o and the corresponding ground

truth ô. In this context, the pixel-dependent weight βp is defined as:

βp = βBCE · (ôp · (βoccluded − 1) + 1) . (4.12)

It considers the class imbalance between non-occluded and occluded pixels using the ratio of their

frequency in the training set as βoccluded as well as a static weight βBCE, which is used to balance

the influences of the binary cross-entropy term and the likelihood term.

4.3 Epistemic Uncertainty Estimation

In this second part of the methodology, the estimation of epistemic uncertainty is addressed. For

this purpose, the cost volume construction f (c) and the subsequent disparity estimation f (d) are

examined jointly (cf. Eq. 4.2). For this purpose, both functions are combined to estimate a disparity

map D and an epistemic uncertainty map UE from a stereo image pair (IL, IR), which fulfils the

assumptions stated in Section 4.1:

f (c,d)(IL, IR) = f (d)(f (c)(IL, IR)) = (D,UE) , (4.13)

The basic idea of the approach presented in this section is to transform an existing CNN architec-

ture, which is known to work well for the task of dense stereo matching, into a BNN, treating the

convolutional layers of this architecture in a probabilistic manner. More specifically, the network

parameters are sampled from a probability distribution which is optimised during training using

variational inference, instead of treating these parameters as point estimates which are optimised

directly. Similar to the previous section on aleatoric uncertainty, the functional and the stochastic

model are again distinguished, being addressed in Sections 4.3.1 and 4.3.2, respectively. Note that

aleatoric uncertainty is neglected for the moment, but integrated into the concept presented in this

section in the following Section 4.4.

4.3.1 Functional Model

As became evident in the literature review, a wide range of approaches exist to estimate a disparity

map from a planar rectified stereo image pair. With the aim of realising a method based on a

BNN, a CNN-based approach that is trainable in an end-to-end manner is a natural choice, as

this group allows for a relatively simple transformation with respect to the functional model and

has demonstrated results superior to both, conventional hand-crafted methods as well as those

that are partially based on machine learning. In addition, also the number of parameters of the

network architecture |θ| serving as foundation is crucial, because the number of parameters of the

variational distribution |φ| that are to be learned might be a multiple of |θ|, depending on the

stochastic model assumed. Thus, a probabilistic adaptation might be significantly larger than its

deterministic baseline. In contrast, the size of the intermediate feature maps is commonly not

affected by such a transformation into a BNN, resulting in only minor changes of the memory
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footprint. Based on these considerations, it appears to be reasonable to select an architecture

based on 3D rather than 2D convolutional layers, because of their often significantly lower number

of parameters (cf. Sec. 3.1).

Specifically, the GC-Net architecture presented by Kendall et al. (2017b) is used as deterministic

baseline in this thesis, which demonstrates good accuracy for the task of dense stereo matching,

while having a relatively low number of parameters (∼2.8 Mio.), mainly justified by the absence

of fully-connected layers (for details on this architecture, refer to Section 2.3.1). To transform

this architecture into a probabilistic variant, the parameters of the network are no longer learned

directly, as it is done by conventional deep learning and which would result in constant point

estimates for every parameter, but sampled from a probability distribution which is defined by the

stochastic model presented in the following section. In this context, the network parameters θ are

sampled anew for every individual forward pass k, which results in slightly different variants of the

same network f
(c,d)
θk

and thus also in disparity estimates that vary with each sample:

f
(c,d)
θk

(IL, IR) = Dk . (4.14)

Carrying out several such forward passes, this procedure is commonly referred to as Monte Carlo

sampling, whereas the employment of a trained BNN for testing with K Monte Carlo samples can

be understood as sampling from an ensemble of K different neural networks. Thus, similar to other

ensembling approaches (see Sec. 3.3), the disparity estimates resulting from several such samples k

with k ∈ {1, ..,K} are combined, to compute the mean and variance of the distribution of these

predictions:

D(p) = d̄p =
1

K

K∑
k=1

dp,k , (4.15)

UE(p) =
1

K − 1

K∑
k=1

(dp,k − d̄p)2 . (4.16)

Aggregating the resulting disparity estimates d of a pixel p over k samples, the average disparity

estimate d̄ and the variance σ2
E are used to obtain a disparity map D and an epistemic uncertainty

map UE , respectively (cf. Eq. 4.13). This procedure is justified by the observation that deviations

between different disparity estimates assigned to the same pixel reflect the model’s uncertainty to

determine the correct disparity, which allows to approximate the corresponding epistemic uncer-

tainty based on these deviations.

Similar to the concepts presented by Zeng et al. (2018) and Brosse et al. (2020), not all parameters

of GC-Net are treated in a probabilistic manner in the following, but some remain deterministic.

Brosse et al. (2020) argue that it is sufficient to only model the final layer(s) of an architecture

probabilistically in order to assess the epistemic uncertainty and to benefit from the positive effect

of ensemble learning on the accuracy. Compared to a fully probabilistic approach, the proposed

procedure minimises the growth of parameters to be learned as well as the computational overhead.

However, both works only investigate such a setup in the context of classification. Due to the clear

differences between architectures employed for classification tasks and those designed for dense

stereo matching, in this work, a different approach is followed: Only the weights belonging to
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convolutional filter kernels used in the feature extraction step (2D convolutions) and the multi-

scale feature matching step in the encoder of the cost volume optimisation (3D convolutions) are

treated probabilistically. In contrast, the parameters belonging to operations that are used to up-

sample the intermediate feature maps (3D transposed convolutions), which is carried out in the

decoder part of the cost volume optimisation step, are retained deterministically (cf. Fig. 2.4).

Besides the desired capability to estimate epistemic uncertainty, treating some parts of the net-

work in a probabilistic manner further allows to reduce the model capacity without decreasing

the accuracy of the estimated disparity maps. For this purpose, the number of filter channels

nc is adjusted, which is set to nc = 32 for almost all layers of the original GC-Net architecture

and to multiples of 32 if the spatial resolution of the feature maps is reduced in the inner layers

of the encoder-decoder structure (cf. Sec. 2.3.1). As demonstrated by the results of preliminary

experiments, nc can be reduced by 25% to 24 channels without affecting the performance of the

probabilistic variant and shows only a minor deterioration using 16 channels. The accuracy of the

deterministic variant, however, is affected directly when reducing the number of feature channels.

Such an adaptation of nc does not only reduce the number of parameters of the network, which

is already a positive effect itself especially with respect of the fact that treating the network in a

probabilistic manner increases this number. Moreover, this adaptation of nc also reduces the size

of the intermediate feature maps as the feature channel number specifies one of the four dimensions

of such a feature map as illustrated in Figure 2.3. Because the intermediate feature maps have

the same size for both the deterministic and the probabilistic variant if the same number of filter

channels is used, the ability to lower this number for the probabilistic variant results in a reduction

of the memory footprint caused by the intermediate feature maps compared to the determinis-

tic baseline. Finally, smaller intermediate feature maps also lead to less operations that have to

be carried out to process them, which reduces the computational effort and thus minimises the

computational overhead of training a BNN instead of its deterministic counterpart. In summary,

the proposed transformation of the GC-Net architecture into a probabilistic variant using 24 filter

channels increases the number of parameters to be learned only marginally from about 2.8 to 2.9

Mio. (assuming that the stochastic model is defined as described in the following section), while

reducing the memory footprint of the intermediate feature maps by 25%.

4.3.2 Stochastic Model

To use the previously defined BNN for the purpose of Bayesian inference, the posterior distribu-

tion p(θ|D) of the network parameters θ given a set of training data D is required. However, as

discussed in Section 2.3.2, computing and thus also sampling from this exact posterior distribution

is typically an intractable problem. Therefore, in this work, the approach of variational inference

is applied, aiming to learn the parameters φ of a variational distribution q that approximates the

exact posterior distribution. To minimise the number of parameters to be learned as well as the

computational overhead arising from VI compared to conventional deep learning, it is assume that

the variational distribution over the latent variables, i.e., the network parameters, factorises as:

q(θ1, θ2, ..., θn) =
n∏
i=1

q(θi) . (4.17)
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This assumption is commonly referred to as mean field approximation, whereas a naive form is

used in this work, assuming a partition into independent groups of single latent variables. The

result is a diagonal Gaussian posterior, similar to the one proposed by Graves (2011). Conse-

quently, the parameters of the variational distribution consist of a mean vector µ and a diagonal

variance-covariance matrix Σ = I · σ2, where I is the identity matrix, so that every network

parameter treated in a probabilistic manner is drawn from an independent Gaussian distribution:

θi ∼ N (µi, σ
2
i ). According to Graves (2011), this further allows to calculate the overall KL diver-

gence between the exact posterior distribution and the variational distribution as the sum of the

divergence terms corresponding to the individual partitions of the variational distribution:

LKL =

n∑
i=1

KL(qφ(θi)||p(θ|D)) , (4.18)

Using the KL divergence as regularisation term, while minimising the absolute difference between a

disparity estimate d and the corresponding ground truth d̂, the proposed BNN is trained end-to-end

in a supervised manner using training data D:

LEpistemic =
1

|D|
∑
p∈D
|dp − d̂p|+ βKL · LKL , (4.19)

where βKL is a hyper-parameter used to balance the two parts of the loss function. Relying on

the concept of stochastic variational inference (Hoffman et al., 2013), the training procedure of the

proposed probabilistic variant of GC-Net does not differ from the one used for the deterministic

baseline in the sense that it can be easily integrated into an arbitrary deep learning framework and

allows to apply common optimisation algorithms. However, as became evident in the literature

review (cf. Sec. 3.3), stochastic neural networks commonly show a worse convergence behaviour

compared to their deterministic counterparts, if the effects of the stochastic sampling of parameters

during training are not considered. In this context, the major issue is the high variance of gradient

estimates between consecutive training steps that arises from the stochastic nature of this sampling

procedure. Using the same set of sampled parameters for all training examples in a mini-batch,

i.e., all examples that are aggregated to perform a single back propagation and weight update, the

gradients are correlated which prevents this variance from being minimised by averaging over the

estimates of multiple examples in such a mini-batch (Wen et al., 2018). Thus, the basic idea of using

mini-batches instead of single training examples to improve the convergence behaviour does not

hold in this case. To mitigate this problem, Kingma et al. (2015) proposed the reparametrisation

trick, which minimises the variance of gradients. While Flipout as proposed by Wen et al. (2018)

requires more floating point operations during the weight update, it allows to reduce this variance

even further, making it the means of choice in this work.

4.4 Joint Uncertainty Estimation

The third and last part of the methodology aims to fuse the concepts of aleatoric and epistemic

uncertainty estimation presented in the previous sections, to obtain a consistent approach consider-

ing both sources of uncertainty in the context of dense stereo matching. The result is a realisation
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Figure 4.6: Combination of the probabilistic variant of GC-Net and CVA-Net. While the proba-

bilistic adaptation of the GC-Net architecture is trained to predict a disparity map corresponding

to the left image of a planar rectified stereo image pair, the probabilistic convolutional layers fur-

ther allow to estimate the corresponding epistemic uncertainty via Monte Carlo sampling. CVA-

Net is integrated as a separate branch, operating on the optimised cost volume to additionally

predict an aleatoric uncertainty map. Source: Adapted from Mehltretter (2020).

of the functional relationship shown in Equation 4.1, estimating a disparity map D together with

an uncertainty map U based on a planar rectified stereo image pair, which fulfils the assumptions

stated in Section 4.1.

For this purpose, the functional models, i.e., the neural network architectures, of CVA-Net (see

Sec. 4.2.1) and the presented probabilistic variant of GC-Net (see Sec. 4.3.1) are fused, as shown in

Figure 4.6. While the basic definitions of both architectures remain unchanged, CVA-Net receives

the whole optimised cost volume as input in this setup, instead of operating on a cost volume

extract, which is possible due to the fully convolutional character of this CNN architecture. As a

consequence of this integration, the result of CVA-Net is influenced by the stochastic nature of the

early stages of the probabilistic GC-Net. More precisely, the estimated aleatoric uncertainty map

directly depends on the network parameters randomly drawn from the posterior of the variational

distribution. Thus, the uncertainty map varies for each Monte Carlo sample k, which makes

it necessary to aggregate the uncertainty maps corresponding to all samples drawn to obtain a

consistent result:

UA(p) =
1

K

K∑
k=1

σ2
A,p,k , (4.20)

where σ2
A represents the aleatoric uncertainty computed according to one of the probabilistic models

presented in Section 4.2.2. The computation of the disparity map D and the epistemic uncertainty

map UE remain equal to the definitions in Equations 4.15 and 4.16. Under the assumption that

the aleatoric and the epistemic uncertainty are randomly and independently distributed, quadratic

error propagation is applied to obtain the overall uncertainty associated with the disparity estimate
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of a pixel p:

σ2
p = σ2

A,p + σ2
E,p , (4.21)

from which the definition of the overall uncertainty map U follows as U = UA + UE . Note that

contrary to the exclusive training of CVA-Net, in this context, the disparity estimate is not fixed,

but optimised jointly along with the aleatoric uncertainty. To achieve such a joint optimisation,

the loss function of the probabilistic GC-Net (cf. 4.19) is adapted as follows:

LFull-Uncertainty = LAleatoric + βKL · LKL , (4.22)

where LAleatoric represents a loss function corresponding to one of the variants that allow to learn

the prediction of aleatoric uncertainty in a Bayesian way (cf. Eq. 4.5, 4.6, 4.11) as presented in

Section 4.2.2 and βKL as well as LKL are as defined in Equations 4.18 and 4.19. Consequently,

the estimation of disparity and aleatoric uncertainty is learned together exploiting the principle of

likelihood maximisation, while the estimation of epistemic uncertainty is further enabled by the

usage of a BNN trained via VI.

4.5 Discussion

To close the chapter on the methodology, the approach and its components to estimate uncertainty

in the context of dense stereo matching presented in the previous sections are analysed with respect

to their advantages as well as the underlying assumptions and the corresponding limitations.

General Remarks

The basic assumption on the input data is that the stereo image pairs to be processed are captured

simultaneously and are planar rectified. The assumption of rectified images holds as long as the

relative orientation between the two image of a stereo pair is known from a prior calibration or

can be accurately determined from image information, for example, based on feature points visible

in both images that can be matched unambiguously. Note that the presented approach is able to

tolerate minor deviations of a point correspondence in the second image from the related epipolar

line due to the information of the local neighbourhood considered. However, such deviations are

not explicitly modelled, leading to a decrease in accuracy for minor deviations and a potential

failure for larger ones. On the other hand, an accurate time synchronisation of the stereo setup

is a crucial precondition to guarantee simultaneously captured images in case of dynamic scenes,

because temporal effects are not considered in the approach presented. Thus, changes of the scene

depicted that occur in between the recording of the two images and that may be caused by moving

entities would directly lead to incorrect depth estimates. Lastly, although this work focuses on

the processing of terrestrial images, from a conceptual point of view, the presented approach can

also be applied to other types, such as aerial images. However, it might be reasonable to adapt

the definition of the cost volume to better reflect the probably rather different distribution of

depth compared to terrestrial scenes. In addition, the increased computational effort and memory

footprint caused by the typically much larger aerial images must also be considered.
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CVA-Net Architecture

The network architecture CVA-Net developed in the context of this thesis allows to estimate

aleatoric uncertainty from an arbitrary cost volume. More precisely, cost volumes with varying

extent in the image and the disparity directions can be processed without the need of retraining,

due to the fully-convolutional character of the network architecture presented and the employ-

ment of a global average pooling layer. Compared to other approaches working with cost volumes,

CVA-Net does not need any pre-processing steps other than a normalisation, which avoids that

potentially valuable information is eliminated. Moreover, cost volumes to be processed may be

derived using different dense stereo matching procedures, making the employment of the presented

approach highly flexible. However, this requires that a dense stereo matching method is not treated

as a black box. Instead, intermediate results need to be accessible in order to be able to integrate

CVA-Net, which might be a disadvantage compared to approaches that solely operate on disparity

maps.

Having a closer look on the features extracted by CVA-Net, two limitations become evident:

The receptive field is relatively small and only features defined on cost volumes are considered.

While the size of the receptive field was determined empirically showing optimal results for the

specified extent, it can be assumed that a broader context would be beneficial if incorporated in

a more sophisticated way, for example, using a local-global fusion scheme as proposed by Tosi et

al. (2018). However, it also has to be noted that the enlargement of the receptive field typically

comes with an increase of the computational effort, especially noticeable due to the usage of 3D

convolutions. Tightly coupled with this first point is the sole use of features from cost volumes,

because not only a small receptive field may limit the amount of information available for the task

of aleatoric uncertainty estimation, but also the neglect of additional modalities such as the RGB

images or the disparity map. While both of these modalities might only provide limited further

information in addition to those encoded in the corresponding cost volume, they could be well-suited

to enlarge the receptive field due to their 2D dimensional nature. Note that both limitations, the

size of the receptive field and the type of features considered, have been addressed in an initial

investigation in (Heinrich and Mehltretter, 2021) which demonstrates that the consideration of

these aspects further improves the quality of the uncertainty estimates obtained.

Aleatoric Uncertainty Models

To enable CVA-Net to estimate aleatoric uncertainty, two stochastic models are presented that are

based on different mixture distributions optimised via likelihood maximisation. Contrary to the

widely used approach of confidence estimation, the definition of the stochastic model in a Bayesian

manner allows to quantify the aleatoric uncertainty in pixels or metric units and facilitates a natural

combination with the epistemic uncertainty via error propagation. Moreover, the employment of

a mixture instead of a uni-modal distribution enables the network to approximate the actual error

distribution for a wider range of scenarios, whereas weakly textured and occluded regions of an

image are explicitly taken into account. However, while the current definition covers two of the

most challenging scenarios and thus frequent error sources, it does not allow to predict multi-modal
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distributions. Thus, to accurately describe the error distributions related to pixels that belong to

a repetitive texture or that are located close to depth discontinuities, and thus have two or more

modes, require an extension of the approach presented, for example, using a Gaussian mixture

model.

In addition, all stochastic models discussed in the context of this work treat the aleatoric un-

certainty as being purely heterostedastic, neglecting homostedastic influences. Thus, all sources of

uncertainty are assumed to influence each pixel differently and solely depend on the input. How-

ever, the presence of systemic effects that cause homostedastic aleatoric uncertainty is typically to

be expected, for example, in form of uncertainty that arises from the camera calibration. Moreover,

the models presented are limited to predict uncertainty and do not allow to incorporate prior in-

formation or to propagate uncertainty estimated in the context of preceding processing steps, such

as the already mentioned camera calibration.

Bayesian Neural Network

In order to allow the estimation of epistemic uncertainty, an adaptation of the well-known GC-

Net architecture is presented, in which the convolutional layers are replaced by their probabilistic

counterparts and that is trained via VI. While the approach of drawing Monte Carlo samples

at test time to determine the central moments of the posterior distribution is comparable to the

concept of ensemble learning, the proposed employment of a BNN has the advantage that only the

values of the variational parameters instead of the parameters of all trained models of an ensemble

must be present when testing. Moreover, experiments have demonstrated that the capacity of the

probabilistic variant can be reduced compared to the deterministic baseline without decreasing

the accuracy of the resulting disparity maps. Thus, the memory footprint can be reduced and the

computational overhead can be kept small. While the approach of transforming a CNN architecture

that has proven to work well for the task of dense stereo matching in to a BNN is exclusively

examined for the example of GC-Net in the scope of this work, the idea can also be applied to more

recent architectures, which potentially further improves the accuracy of the disparity estimates.

In general, BNNs allow to specify prior distributions and to model dependencies between network

parameters in form of correlations. Although the latter would be reasonable, especially in the

context of a CNN which basically builds on the assumption that adjacent pixels are spatially

related, it is not implemented in the context of the present work. The reason for the assumption

of independent network parameters is the large amount of additional variational parameters that

would need to be learned if correlations are considered. If, for example, a general mean field

approximation instead of a naive one is assumed that allows to factorise the posterior variational

distribution into groups of parameters belonging to individual layers, n× n covariances instead of

n variances would need to be learned for a convolutional layer with n weights.

One of the drawbacks of stochastic neural networks is the need of Monte Carlo samples to ap-

proximate the moments of the posterior distribution. Thus, similar to ensembling procedures,

multiple forward passes of a BNN have to be carried out at test time for a single sample of input
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data, leading to a clearly higher computational effort compared to deterministic neural networks.

While these forward passes are independent of each other and can thus in principle be computed

in parallel, the large memory footprint and high computational effort of each individual forward

pass currently prohibits such a parallel processing approach in practice, due to hardware limita-

tions. Consequently, the estimation of epistemic uncertainty using a stochastic neural network and

Monte Carlo samples typically increases the inference time significantly compared to a deterministic

baseline.

Joint Uncertainty Estimation

The last part of the method presented addresses the combination of CVA-Net used to estimate

aleatoric uncertainty and the probabilistic variant of GC-Net which allows to jointly estimate dis-

parity and epistemic uncertainty. On the one hand, the concept followed in this work provides a

modular view on the approaches presented, allowing to examine and employ them independently.

On the other hand, both approaches can be seamlessly integrated, enabling end-to-end training

which commonly leads to better results than optimising each component of a procedure on its own.

In order to fuse the aleatoric and epistemic uncertainty estimated using the approach presented,

it is proposed to apply quadratic error propagation, simply adding the variances representing both

types of uncertainties. The basis for this procedure is the assumption that both uncertainties are

randomly and independently distributed. While the assumption of independence is valid from a

theoretical perspective - aleatoric uncertainty addresses the uncertainty inherent in the data, epis-

temic uncertainty the one inherent in a model - such a clear separation is commonly not achieved

in practice. Often, both uncertainties rather influence each other, for example, because the model

used to estimate the aleatoric uncertainty is also subject to epistemic uncertainty. Consequently,

the assumption of independence of the uncertainties is a simplification that requires further inves-

tigations.
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5 Experimental Setup

In this chapter, the experimental setup used to evaluate the methodology proposed in the previous

chapter is presented. For this purpose, the objectives of the evaluation are introduced in Section 5.1,

before presenting the datasets used for training and testing in Section 5.2. In Section 5.3, the

framework for training the proposed approach is discussed, including an overview and a discussion

of the hyper-parameter setting. This chapter closes with a presentation of the strategy and criteria

for testing in Section 5.4.

5.1 Objectives

The overall objective of this work is the estimation of uncertainty in the context of dense stereo

matching, which is addressed by an approach based on concepts of Bayesian deep learning. The

quality of the estimated uncertainty and the effect on the disparity estimation capability itself can

be evaluated using reference data. More precisely, the use of ground truth disparities allows a direct

assessment of the accuracy of disparity estimates, while the uncertainty is evaluated based on the

distribution of the disparity error. For this purpose, the results are evaluated in a quantitative

manner based on the strategy and criteria presented in Section 5.4. The aim is to first examine

the individual components independently, with the goal of enabling a more detailed analysis by

mitigating effects from other parts of the approach. Subsequently, the approach is addressed

as a whole, in order to investigate the overall performance and to analyse the integration of its

components. Moreover, the following specific questions are investigated in the context of the

experiments:

(1) How well is the proposed CVA-Net architecture suited to estimate aleatoric uncertainty? Is

the use of features extracted from cost volumes sufficient to achieve accurate results? Is the proposed

approach applicable to different dense stereo matching methods or do limitations exist that prevent

such general validity?

This objective purely focuses on the functional model proposed in the context of aleatoric un-

certainty estimation. Thus, only confidence estimation via binary classification is considered as

stochastic model, being the most commonly employed approach. Using CVA-Net to estimate con-

fidence, the results can be easily compared to those of state-of-the-art architectures presented in

the literature, that address the same task. This allows to properly assess the result achievable with

CVA-Net and to evaluate the suitability of cost volume-based features in comparison to other types

of features. Lastly, the general validity of CVA-Net is investigated by carrying out the evaluation

on cost volumes that correspond to different dense stereo matching methods, taking into account
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conventional hand-crafted approaches with and without global optimisation as well as those based

on deep learning, applied to images belonging to different datasets.

(2) How well suited are the probability distributions, implied by the different stochastic models

used, to estimate the aleatoric uncertainty? Is it reasonable to make the kind of distribution assumed

depend on the scene characteristics? Do specific circumstances exist leading to error distributions

that can not be described well with the models proposed?

While the functional model is already evaluated by the investigations with respect to the first

objective, CVA-Net is used as basis for the experiments related to the second objective. Keeping

the functional model fixed, this procedure allows to focus on the effects that arise from the different

stochastic models employed to estimate aleatoric uncertainty. Again, cost volumes that correspond

to different dense stereo matching methods and images belonging to different datasets are examined

to assess the strengths and limitations. In addition to the evaluation of the uncertainty maps as a

whole, pixels belonging to typically challenging regions, such as weakly textured or occluded areas

as well as those close to depth discontinuities, are investigated separately. This procedure allows to

draw conclusions regarding the employed types of probability distributions and their combination,

namely whether they are sufficient to describe the uncertainty in situations that commonly occurs

in the context of dense stereo matching.

(3) What are the consequences of transforming a CNN developed for the task of dense stereo

matching from a deterministic to a probabilistic formulation? Does this procedure influences the

accuracy of the estimated disparities?

The main motivation for transforming a CNN architecture designed for the task of dense stereo

matching into a stochastic neural network is the ability to estimate the epistemic uncertainty

inherent in this model. However, the accuracy of the estimated disparities is not to be neglected,

as it is desired to achieve at least the same accuracy as for the deterministic baseline. To validate this

behaviour, both variants, the deterministic baseline and the probabilistic adaptation presented in

this work, are tested on different datasets. Besides the comparison of the accuracy of the estimated

disparities, further characteristics are examined: training and inference time, the memory footprint

and the sensitivity towards domain gaps between training and test data. This extensive comparison

supplements the discussion of the theoretical differences between both approaches, allowing to draw

more specific conclusions on the suitability of a BNN for dense stereo matching.

(4) How good is the quality of the uncertainty estimates obtained by the overall approach? What

is the contribution of the individual components to this results and how well do these components

integrate? How well does the approach generalise to a wide range of datasets?

To address this last objective, the estimated uncertainty is evaluated with respect to the distribu-

tion of the disparity error, analysing the correlation and using sparsification plots (see Sec. 5.4). To

obtain a better understanding of the individual components of the approach presented in this work,

three different variants are examined: individual estimation of aleatoric and epistemic uncertainty

and estimation of the combination of both uncertainties. Similar to the experiments related to the
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other objectives, images from various datasets are used for testing to examine the general validity

and to identify potential limitations of the approach presented.

5.2 Datasets

To allow for a comprehensive evaluation, for the experiments carried out in the context of this

work, different datasets are used, which are briefly described in the following, considering synthetic

as well as real indoor and outdoor scenes. All datasets consist of planar rectified stereo image pairs

with known reference depth. An overview of the relevant characteristics of each dataset is given in

Table 5.1, while examples for the reference images and the corresponding ground truth disparity

maps are shown in Figure 5.1.

Sceneflow FlyingThings3D

The Sceneflow FlyingThings3D dataset presented by Mayer et al. (2016) is a synthetic dataset,

showing scenes of various randomly located objects. While the depicted scenes are rather un-

realistic, the large amount of data with available reference allows to train large neural network

architectures in an end-to-end manner from scratch, which is often not possible using real data,

due to the lack of ground truth data. Because of the synthetic nature of this dataset, ground truth

disparities are available for all pixels of the reference images. However, the ground truth disparity

maps contain some outliers with unreasonably small or large disparities in the range of [-2k;10k]

pixels. To filter out these outliers, the 0.25% of samples with the smallest and largest ground truth

disparities are discarded and not used for training or testing in the context of this work. After this

filtering, the remaining 99.5% of samples have ground truth disparity values in the range of [0;191]

pixels.

KITTI

The KITTI benchmark consist of datasets and challenges for various areas of research in the context

of photogrammetry and computer vision and is one of the de facto standards for evaluation in many

of these areas. The KITTI 2012 and 2015 stereo datasets presented in (Geiger et al., 2012) and

(Menze and Geiger, 2015), respectively, contain real image pairs, which were captured using vehicle

mounted stereo camera set-ups. These images show various street scenes from urban as well as

rural environment in Germany, mainly captured under good weather conditions and with sufficient

daylight. Challenges typically arise from specular reflections, overexposure, large distances between

the cameras and objects and more generally from the complexity of the observed scenes. Based

on LIDAR point clouds projected to the coordinate system of the reference image, ground truth

disparity maps with disparities for about 30 % of the pixels are provided. In addition, for the

samples of the KITTI 2015 datasets, the ground truth is improved by fitting 3D CAD models of

cars into the initial point clouds. However, it is to be noted that the ground truth disparity maps

do not contain any values for about the upper third of pixels, which is also visible in the example



60 5 Experimental Setup

Table 5.1: Relevant characteristics of the datasets used in the experiments of this work. Note

that the number of samples does not specify the complete size of a dataset, but only considers

samples with publicly available ground truth, which is required for both, supervised training and

the evaluation of disparity and uncertainty based on reference data. Moreover, the values of the

Middlebury dataset correspond to the quarter resolution images as provided by the authors.

Image

Resolution [px]
#Samples

Indoor /

Outdoor
GT Density GT Source

Max. GT

Disp. [px]

Sceneflow 960× 540 26760 synthetic 100% synthetic 191*

KITTI 1240× 376 394 outdoor 28% lidar 232

Middlebury
up to

741× 497
15 indoor 97%

structured

light
200

InStereo2K 1080× 860 2050 indoor 90%
structured

light
328

*: Because the ground truth disparity values are located in the interval [-2k; 10k], the 0.25% of both, samples

with the smallest and largest disparities, are discarded, reducing this interval to [0;191] for the remaining 99.5%.

shown in Figure 5.1. In the context of the experiments of this work, both datasets, KITTI 2012

and 2015, are considered together and referred to as KITTI in the following.

Middlebury

The Middlebury stereo benchmark version 3, mainly containing samples from the Middlebury 2014

stereo dataset presented in (Scharstein et al., 2014), consisting of 15 stereo image pairs with known

ground truth disparity, showing various indoor scenes. These scenes are captured with a static stereo

set-up, varying the baseline and the image resolution for different samples. Dense and sub-pixel

accurate ground truth disparity maps are obtained with a structured light-based approach. While

the captured scenes are typically less complex compared to the previously introduced outdoor

datasets, the more accurate ground truth allows for a more refined analysis, which is especially

interesting with respect to the high accuracy achieved by recently presented approaches addressing

the task of dense stereo matching. Moreover, also such indoor scenes may contain challenging

scenarios, for instance large weakly textured areas that can be regularly observed on the floor or

on walls. Note that in the experiments of this work, due to hardware limitations, the stereo images

are processed in quarter resolution as provided by the authors.

InStereo2K

The InStereo2K dataset presented by Bao et al. (2020), also shows various indoor scenes, captured

by a stereo set-up with structured light-based ground truth similar to the one used for the Middel-

bury dataset. Using two different but rather short baselines, the distance between the cameras and

the scenes to be captured is kept small and the considered depth range is typically clearly smaller

than the one of the Middlebury samples.
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KITTI

Sceneflow Middlebury InStereo2K

Figure 5.1: Examples from the datasets considered in the experiments of this work. The figure

contains one example per dataset, consisting of the reference image and the corresponding ground

truth disparity map. Large disparities are shown in red, small ones in dark blue. Pixels without

a ground truth disparity are shown in grey.

5.3 Training and Hyper-parameter Settings

In this section, the procedures used to train the approach investigated in this work as well as

its components, namely CVA-Net and the probabilistic variant of GC-Net, are presented and the

related hyper-parameter settings are described and justified. For this purpose, strategies and

techniques applied to all variants are described first in Paragraph 5.3.1, before giving details of the

individual training procedures in the subsequent paragraphs.

5.3.1 General Remarks

The approach presented in this work as well as its individual components are trained in a purely

supervised manner, i.e., only data samples with known reference are considered in the computation

of the loss. In addition, the disparity range considered during training is limited to [0,191] pixels,

thus pixels with a ground truth disparity outside of this range are discarded and not used for

training the network parameters. Consequently, the cost volumes, used as input to train different

variants of CVA-Net and computed as intermediate results by the variants of GC-Net, have a depth
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of 192. Limiting the disparity range in this way leads to training data and thus also to intermediate

feature maps of constant size, which is beneficial for the training procedure from a practical point

of view. Note that this only applies during training and does not limit the range of disparities

that can be considered at test time, as described earlier. To determine the optimal number of

training epochs for every model, an early stop strategy is applied: The training is stopped as soon

as the validation loss does not improve in three consecutive epochs and the weights of the model

with the lowest validation loss are then used for testing. Lastly, all deterministic convolutional

and transposed convolutional layers are initialised using the Glorot normal initialiser (Glorot and

Bengio, 2010), sometimes also referred to as Xavier normal initialiser.

5.3.2 CVA-Net

In this section, the training procedure of the CVA-Net architecture using the different stochastic

models presented in Section 4.2.2 is described. The evaluation is carried out on cost volumes

computed by three different stereo matching methods, namely Census-based block matching (Zabih

and Woodfill, 1994), Census-based SGM (Hirschmuller, 2008) and MC-CNN fast (Zbontar and

LeCun, 2016). Both Census-based methods use a support region size of 5× 5 to compute the

Census masks. While in the context of Census-based block matching and MC-CNN fast the cost

volumes resulting from the cost computation step are used without applying a global optimisation

procedure, in the context of SGM the cost volumes resulting from the global optimisation step are

used. The penalties of the SGM smoothness term are determined empirically, using the values that

minimise the mean absolute error of the disparity estimates on the training data. Because of the

clear differences of these stereo matching methods, individual hyper-parameter settings are used

in the experiments, which are described in the following together with the topic of cost volume

normalisation.

Cost Volume Normalisation

As stated in (Kim et al., 2019b), cost curves highly depend on the utilised stereo matching approach

and may vary largely for different approaches. First, different approaches may produce matching

costs within different intervals. For Census-based approaches (Zabih and Woodfill, 1994), for

example, matching costs are computed using the Hamming distance, resulting in costs ccensus within

the interval {ccensus ∈ Z | 0 ≤ ccensus ≤ |A|}, where |A| is the number of pixels considered as local

neighbourhood. MC-CNN (Zbontar and LeCun, 2016), on the other hand, measures matching

costs in the form of correlation, leading to results in the interval [−1, 1]. Additionally, not only the

interval containing the results may vary, but also the characteristics of the computed cost curves,

such as the curvature and the number of local optima. This characteristic depends on the cost

computation method, as well as on the utilised optimisation approach, such as Semi-global matching

(Hirschmuller, 2008), and its hyper-parameter values. The latter kind of variations are domain

depended data variations, which can, for example, be considered by choosing a representative

set of training data or by applying techniques to improve the network generalisation capabilities.

The variations of the interval containing the matching costs and thus, of the network input data,
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however, should be minimised in order to allow for a faster and more stable training process. For

this purpose, in the present work min-max normalisation is applied: the theoretical boundaries

of a matching approach’s range of results are used to normalise the associated cost volumes in

a preprocessing step. The result is a 3D tensor of real values in the range [−1, 1], in which the

characteristics of cost curves are preserved relative to each other.

Training Procedure

For the experiments carried out in the context of this work, several variants of the proposed CVA-

Net are trained, considering all stochastic models presented and different dense stereo matching

methods to compute the cost volumes used as input, as described above. Note that CVA-Net

needs to be trained individually with data from every dense stereo matching method considered in

the evaluation to achieve good results, because the generalisation capability between cost volumes

corresponding to different methods is rather limited due to the highly varying characteristics of the

contained cost curves. However, this does not limit the practical relevance of CVA-Net, because

the need for retraining does not depend on the stereo images to be processed, but only on the dense

stereo matching method utilised, which is commonly a design decision made in advance.

All variants of CVA-Net are trained on the first 20 image pairs of the KITTI 2012 dataset,

which allows a fair comparison against state-of-the-art approaches to estimate aleatoric uncertainty

presented in the literature, as these typically employ the same training strategy. Three additional

image pairs are used for the purpose of validation. To generate individual training and validation

samples from the cost volumes corresponding to theses image pairs, tensors of size 13× 13× 192

are extracted from normalised cost volumes corresponding to the left image of each pair. Every

extract is centred on a pixel with available ground truth disparity, resulting in more than 2.7

million training samples. 512 of such extracts are bundled to one mini-batch during training. In

this context, an epoch is defined as completed once the network has seen all training samples. The

Adam optimiser (Kingma and Ba, 2015) is employed to minimise the loss function defined by the

respective stochastic model with a learning rate of 10−4, setting the exponential decay rates for

the moment estimates to their default values β1 = 0.9 and β2 = 0.999. To enforce generalisation,

dropout (Srivastava et al., 2014) is applied to the global average pooling layer (cf. Tab. 4.1) with a

rate of 0.5.

All parameters mentioned so far apply for all variants of CVA-Net. The number of training epochs

necessary for the model to converge, however, varies depending on the respective variant, as shown

in Table 5.2a. The ratio between training samples with incorrect and correct disparity estimates

wcorr used in the variant based on binary classification (see Eq. 4.3) and the ratio between occluded

and non-occluded pixels βoccluded used in the scene-aware variant (see Eq. 4.12) are determined

based on the frequency of these respective classes with respect to the estimated and ground truth

disparity maps used for training. This results in the following ratios: wcorr = 0.63 for Census-based

block matching, wcorr = 0.11 for Census-based SGM, wcorr = 0.24 for MC-CNN and βoccluded = 20.

The parameter γ, which governs the transition between the two parts of the Huber loss in the

mixture model-based variant (see Eq. 4.8), is set to one, as commonly done in the literature, for
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Table 5.2: Overview of all models trained for the experiments. Variants that are not considered in

the experiments are indicated by a hyphen, all others have assigned the respective number of

training epochs.

Stochastic

Model
Census SGM MC-CNN

Confidence 8 9 9

Laplace 14 - 11

Mixture 17 - 12

Scene-aware 16 - 17

(a) The CVA-Net architecture is trained with

the different stochastic models described in

this work (see Sec. 4.2.2) using cost volumes

that correspond to stereo image pairs of the

KITTI dataset and originate from Census-

based block matching, Census-based Semi-

global matching and MC-CNN.

Variant
Training

Sceneflow

Fine-tune

InStereo2K

Deterministic 16 24

Deterministic + CVA-Net - 9

Probabilistic 24 47

Probabilistic + CVA-Net - 10

(b) Four different variants of the GC-Net architecture are

trained, namely the original deterministic variant, the

proposed probabilistic adaptation and the combination

of both with CVA-Net enabling aleatoric or combined

uncertainty estimation, respectively. While the Scene-

flow FlyingThings3D dataset is used for training, fine-

tuning is carried out on the InStereo2K dataset.

example, by Girshick (2015). Also βBCE is set to one, which weights the binary-cross entropy term

equally relative to the likelihood term in the loss function of the scene-aware variant (see Eq. 4.12).

Finally, the ground truth labels for pixels that are occluded or located in weakly textured areas

used in the loss function of the scene-aware variant (see Eq. 4.11) are obtained as described in

Section 5.4.4.

5.3.3 Probabilistic GC-Net

To train the proposed probabilistic variant of GC-Net as described in Section 4.3, setting the basic

number of feature channels to nc = 24 and using the loss function defined in Equation 4.19, 21

thousand stereo image pairs contained in the Sceneflow FlyingThings3D dataset and designated for

training are used. For the purpose of validation, another 100 image pairs are considered. From these

image pairs, random extracts of size 512× 128 are cropped and fed to the network during training.

The large difference between the width and height of a sample is justified by the importance of

seeing all potential correspondences of a pixel along the horizontal epipolar line in the second image

of a stereo pair for as many pixels as possible, while being restricted by hardware limitations in the

number of pixels that are considered in a single sample and are thus processed together. Seeing all

potential correspondences is required in order to avoid the introduction of an artificial bias in the

distribution of disparities than can actually be observed in the training data. Using a batch size

of 1, one such extract from every image pair is seen per epoch. The Gaussian distributions that

form the variational distribution and from which the parameters of the probabilistic 2D and 3D

convolutional layers are sampled as θi ∼ N (µi, σ
2
i ) (cf. Sec. 4.3.2), are initialised with µ = 0 and

σ2 = 1. The hyper-parameter βKL, which is used to weight the KL divergence relative to the term

of the L1 norm in the loss function of the probabilistic variant of GC-Net (see Eq. 4.19), is not set

statically, but adapted during the training process. More precisely, βKL is set to zero for the first

training epoch, allowing the optimisation process to focus on adapting the variational parameters



5.3 Training and Hyper-parameter Settings 65

with the exclusive objective of minimising the disparity error in the beginning of the training

procedure. In the following five epochs, βKL is incremented by 0.2 per epoch, gradually increasing

the regularisation effect of the KL divergence. In all consecutive epochs, βKL is constantly set to

one. Finally, RMSProb (Tieleman and Hinton, 2012) with a learning rate of 10−3 is employed for

optimisation.

Besides the probabilistic variant of GC-Net, the original deterministic variant of GC-Net as

presented by Kendall et al. (2017b) is trained and used as a baseline. To ensure a fair comparison,

this baseline is trained in the exact same way as described above in the context of the probabilistic

variant. After training on the synthetic Sceneflow FlyingThings3D dataset, fine-tuning is carried

out for both variants using 1800 image pairs of the InStereo2K datasets, in order to optimise the

network parameters to process images showing real-world scenes. This procedure will further allow

to analyse the effects of domain gaps between training and test data in the subsequent experiments.

The number of epochs carried out for training and fine-tuning the deterministic and the probabilistic

variants, respectively, can be found in Table 5.2b.

5.3.4 Combined Approach

In addition to the deterministic and probabilistic variants of GC-Net, both variants are also trained

as combination with CVA-Net as described in Section 4.4, allowing for aleatoric and joint aleatoric

and epistemic uncertainty estimation, respectively. Instead of training from scratch, i.e., using

a random initialisation for the network parameters as described before, the parameter values of

the epochs with the smallest validation loss, obtained when exclusively training the deterministic

or probabilistic GC-Net without considering CVA-Net, are used to initialise the GC-Net part of

both variants, respectively. This approach does not only accelerate the training procedure, but

also improves the convergence behaviour of the more complex combined model, using good initial

values for a share of the parameters. In addition, due to the increased memory footprint of the

combined model, the size of the image extracts used as training samples is reduced to 384 × 96

pixels, because of hardware limitations. An overview of all variants and the corresponding number

of epochs required to train the individual variants is provided in Table 5.2b.

To train the combination of the probabilistic GC-Net with CVA-Net, the optimisation objective

as defined in Equation 4.22 is applied, using the loss function of the scene-aware model (cf. 4.2.2)

as aleatoric component. On the other hand, the combination of the deterministic GC-Net with

CVA-Net is trained based on the loss function of the scene-aware model only, not taking into

account the KL divergence. For both variants, the scene-aware loss is extended by a coefficient

βerror, weighting the individual training samples based on the corresponding disparity error. This

procedure is necessary, because the disparity error arising from the estimates predicted by GC-

Net is not well distributed over the disparity range considered, but mainly concentrated around

zero. While this is a desired behaviour in the context of dense stereo matching, it motivates CVA-

Net to preferably predict small uncertainties, thus resulting in an effect comparable to the one of

imbalanced classes in a classification setup. Consequently, also disparity estimates that have a high

deviation from the corresponding reference are assigned a small uncertainty, which may prevent
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them from being identified as erroneous. To overcome this limitation, the training samples are

weighted according to their disparity error, differentiating between values in three different ranges:

βerror = 1.3 for a disparity error smaller than one pixel, βerror = 7.7 for a disparity error in the range

of [1, 5) pixels and βerror = 12.5 for a disparity error larger or equal than five pixels. The individual

values of βerror are determined based on the error distribution of the training samples using GC-Net

without CVA-Net. While the basic idea of this procedure corresponds to the approach applied in

the case of imbalanced classes in a classification setup, the sensitivity of the hyper-parameter values

determined as well as the number of individual ranges considered require further investigations that

are to be carried out in future work.

5.4 Evaluation Strategy and Criteria

In this section, the strategy and criteria applied for the purpose of evaluating the approach and

its components presented in this work are described. To obtain quantitative results, the disparity,

confidence and uncertainty errors are quantified by the metrics described in Sections 5.4.1, 5.4.2

and 5.4.3, respectively. If not otherwise specified in the description of the individual experiments,

for the purpose of computing quantitative results, 100 random image pairs are used per dataset

during testing (and all 15 image pairs in case of the Middlebury dataset) that have not been seen by

the network, i.e., the training, validation and test sets are strictly separated. The disparity range

considered in the experiments, and thus the depth of the cost volumes used as input for CVA-Net or

computed as intermediate results of the different GC-Net variants, is adapted to each dataset based

on the maximum ground truth disparity as specified in Table 5.1. More precisely, the disparity

interval considered ranges from zero to the first number that is larger than the maximum disparity

and can be divided by 32 without remainder (note that the latter condition is not required from

an algorithmic point of view, but from the implementation side). Besides the computation of these

metrics considering all pixels of an image, a focus is put on regions that are particularly challenging

in the context of dense stereo matching, as described in Section 5.4.4. Lastly, the number of Monte

Carlo samples used for the probabilistic variant of GC-Net as well as for the combined approach

presented in this work is justified in Section 5.4.5.

5.4.1 Disparity Error Metrics

To express the error of disparity estimates quantitatively, three metrics are used in the context

of this thesis: the Mean Absolute Error (MAE), the Root Mean Squared Error (RMSE) and the

Pixel Error Rate (PER). Because all three of them determine the error of a disparity estimate d

with respect to the respective ground truth disparity value d̂, only pixels p with a known reference

disparity are considered in the computations:

MAE =
1

|D|
∑
p∈D
|dp − d̂p| , (5.1)

RMSE =

√
1

|D|
∑
p∈D

(dp − d̂p)2 , (5.2)
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PERτ =
|{p̂ | p̂ ∈ D ∧ |dp̂ − d̂p̂| > τ}|

|D|
, (5.3)

where τ specifies the threshold from which a disparity estimate is considered as erroneous, using

one, three and five pixels as values for τ in the evaluation of this work. While the MAE weights all

deviations equally and is typically easier to interpret, the RMSE is more affected by large errors

and thus may indicate that an approach failed completely in a certain scenario. On the other

hand, the PER allows for a finer analysis of the quantity of pixels that achieve a certain level of

accuracy, specified by the threshold τ . In the subsequent evaluation, it is assumed that the data to

be processed is free of gross errors. For this purpose, unreasonably small and large ground truth

disparities are filtered out in advance for the Sceneflow dataset, as described in Section 5.2.

5.4.2 Confidence Error Metric

While the quality of the estimated disparity values is assessed with respect to reference data directly,

such data do typically not exist for the uncertainty. Consequently, the different types of uncertainty

estimates are evaluated with respect to the disparity error, following two different approaches for the

assessment of confidence estimates and predicted standard deviations. For the purpose of evaluating

the CVA-Net variant trained with binary classification as stochastic model (cf. Sec.4.2.2), a measure

originally proposed by Hu and Mordohai (2012) is used. This measure relies on Receiver Operating

Characteristic (ROC) curve analysis and is a well-established procedure in the field of confidence

estimation. In this context, a ROC curve represents the error rate as a function of the percentage

of pixels sampled from a disparity map in the order of increasing uncertainty. More precisely, in the

first step, the 5 % of pixels having the lowest uncertainty are sampled from an estimated disparity

map and the percentage of erroneous pixels in this set is determined. In the second step, this

procedure is repeated, but using the 10 % of pixels with the lowest uncertainty. This procedure is

further applied in 5 % steps, until the full density is reached and all pixels are considered, so that

the error of the last set is equal to the overall error of the estimated disparity map. Of course,

the usage of sampling distances different from 5 % would also be possible. In a final step, the Area

Under the Curve (AUC) is computed for the estimated ROC curve, which is then used to express

the accuracy of the uncertainty map regarding the detection of wrong disparity assignments in

a single number. Assuming that an optimal uncertainty map contains smaller values for every

correct disparity assignment than for any incorrect one, all pixels with a correct disparity assigned

are sampled before any pixel with an incorrect one to obtain an optimal ROC curve (illustrated in

Fig. 5.2) that defines the optimal AUC. Under this assumption, the optimal AUC can be computed

directly from the overall error ε of a disparity map:

AUCopt =

∫ 1

1−ε

p− (1− ε)
p

dp

= ε+ (1− ε) ln(1− ε) ,
(5.4)

where p is the percentage of pixels sampled from a disparity map. Because the optimal ROC curve

corresponds to a perfect uncertainty map, any estimated uncertainty map results in a ROC curve

that lies above or coincides with the optimal curve at every possible position and the closer the

AUC of an uncertainty map is to the optimal value, the higher the accuracy.
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(a) Original procedure (b) The interval-based extension proposed

Figure 5.2: Comparison of the two evaluation procedures based on ROC curve analysis. (a) Fol-

lowing the original procedure, a ROC curve is not sampled within regions of equal uncertainty.

This may result in an AUC with a high discretisation error and may cause segments of the ap-

proximated curve to lie below the theoretically optimal curve (here especially visible in the upper

right part). (b) To minimise the discretisation error, additional sampling points are introduced

within such regions. Ambiguities are avoided by estimating the error of these additional sample

points based on the corresponding error intervals. Source: Mehltretter and Heipke (2021).

Following the described way of computing the AUC, pixels with equal uncertainty are sampled

together during the approximation of the ROC curve to avoid ambiguous results. In consequence,

the specified sampling distance may be exceeded significantly, if many pixels share the same un-

certainty, resulting in a high discretisation error. While this was rarely the case for hand-crafted

approaches and could therefore be neglected, it is a major issue for recent deep learning-based

methods. Learning to predict aleatoric uncertainty via binary classification tends to push the pre-

dicted scores to the extreme values zero and one, resulting in large sets of pixels with the same

uncertainty. Consequently, the described original procedure for sampling the ROC curve can lead

to large distances in between two sample points (more than 40 % of all pixels) and, in extreme cases,

the sampled ROC curve lies significantly below the theoretically optimal curve - a contradiction in

terms. Both problems are exemplarily shown in Figure 5.2a.

As a solution to this problem, an interval-based extension to the previously described procedure

is proposed in this work. The basic idea is to guarantee the compliance of the specified sampling

distance for all segments of the ROC curve, and thus to minimise the resulting discretisation error.

To achieve this objective, additional sampling points within sets of pixels with equal uncertainty

are needed. However, since all pixels in such sets are assigned the same uncertainty, there is

no unique order, which results in ambiguities when sampling points directly. To resolve these

ambiguities, the developed interval-based extension considers two scenarios for each set of pixels

with equal uncertainty, in which the pixels of a set are either sorted in ascending or descending

order with respect to the absolute disparity error. While both scenarios allow for an unambiguous

AUC computation respectively, an ascending order results in an approximation of the ROC curve

with minimal AUC, a descending order maximises the AUC. Consequently, points sampled within

regions of equal uncertainty are not assigned a unique error value, but an error interval defined

by the minimal and maximal error resulting from the two different scenarios. To compare the
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uncertainty estimated by different approaches in a quantitative way, the proposed interval-based

extension is employed to sample additional points in regions of equal uncertainty, again in 5 %

steps. To compute a unique ROC curve, the centre of a determined error interval is used as error

value of the corresponding sample point. The computation of the AUC itself remains the same as

in the original procedure. As shown in Figure 5.2b, the presented interval-based extension resolves

the discussed problem of under-sampling inherent in the original procedure (cf. Fig. 5.2a).

5.4.3 Uncertainty Error Metric

A major drawback of the AUC metric is that it only considers the ratio of correct disparity estimates

and the relative order of the estimated uncertainty values, while it neglects the actual magnitude

of the estimated uncertainty and thus also the relation between a pixel’s uncertainty estimate and

its disparity error. While this behaviour is sufficient for the evaluation of confidence estimates,

which represent the probability of a pixel’s disparity estimate of being correct without providing

any indication regarding the error magnitude, it does not cover all information provided by a

standard deviation. To overcome this limitation, the correlation coefficient between the absolute

disparity error and the estimated uncertainty in form of the standard deviation is used to evaluate

the aleatoric, the epistemic and the joint uncertainty, estimated via the probabilistic uncertainty

models presented in Section 4.2.2, the probabilistic variant of GC-Net (cf. 4.3.1) and the combined

approach (cf. 4.4), respectively. In this context, the Pearson correlation coefficient is employed,

using the following definition:

r∆d,σ =

∑
p∈D(∆dp − µ∆d)(σp − µσ)√∑

p∈D(∆dp − µ∆d)2
√∑

p∈D(σp − µσ)2
, (5.5)

where ∆dp is the absolute difference between the estimated and the ground truth disparity of a

pixel p, σ is the estimated uncertainty in form of the standard deviation and µ∆d as well as µσ are

the mean disparity error and mean standard deviation, respectively. While the resulting correlation

coefficient r∆d,σ always has a value between -1 and 1, the higher this value, the better the estimated

uncertainty.

5.4.4 Region Masks

For the purpose of a more detailed analysis of the experimental results, besides the computation of

the previously described metrics considering all pixels of an image, a focus is put on regions that

are particularly challenging in the context of dense stereo matching, i.e., areas that are occluded

in the second image of a stereo pair, that are weakly textured in the reference image or that are

located close to depth discontinuities. To identify these image regions and to compute a binary

mask for every type of region, the following definitions of Scharstein and Szeliski (2002) are used

in the context of this thesis:

• Weakly textured regions: pixels for which the squared horizontal intensity gradient averaged

over a 3×3 local neighbourhood is smaller than 4.
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Figure 5.3: Effect of the number of Monte Carlo samples drawn. At test time, an average disparity

estimate d̄ is computed based on disparity estimates dk with k ∈ [1, ..,K], corresponding to K

different Monte Carlo samples (cf. Eq. 4.15). The larger the number of samples K considered

in the computation of d̄, the smaller the deviations between several independent computations

of d̄. Consequently, the standard deviation of such computations decreases with increasing K,

converging against the epistemic uncertainty. This effect is shown for four different stereo image

pairs, indicated by the four graphs, computing every disparity estimate d̄ ten times for every

number of Monte Carlo samples K examined. Source: Mehltretter (2020).

• Occluded areas: occlusions can be determined from ground truth disparity maps directly by

projecting the disparity values from the reference image to the second image of a stereo pair.

If the result is located outside the image plane or if it is projected to a pixel that is assigned

a larger disparity further on, the respective pixel is set to one in the binary mask.

• Close to depth discontinuities: pixels for which the disparity differs by more than 2 pixels

compared to the disparities of adjacent pixels, averaged over a 9×9 local neighbourhood.

Note that these definitions of occluded and weakly textured areas are also used in the context of

training the scene-aware model for aleatoric uncertainty estimation (cf. Sec. 4.2.2) as described in

Section 5.3.2.

5.4.5 Monte Carlo Sampling

For all experiments, the number of Monte Carlo samples drawn per stereo image pair to estimate the

corresponding disparity and epistemic or joint uncertainty map is set to K = 50 (cf. Eq. 4.15, 4.16

and 4.20). As can be seen in Figure 5.3, an increasing number of samples improves the stability of

the estimated disparity maps, in the sense that the deviations between multiple estimates computed

based on the same stereo image pair decreases. However, at the same time, the computational effort

grows linearly with respect to the number of Monte Carlo samples considered, thus leading to a

longer runtime at test time. In consequence, the consideration of 50 Monte Carlo samples at test

time seems to be a reasonable trade-off, since only minor improvements can be achieved when

drawing additional samples.
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6 Results and Discussion

In this chapter, the results of the experiments carried out in the context of this work are presented

and analysed. For this purpose, this chapter is structured according to the evaluation objectives

as described in Section 5.1: First, the CVA-Net architecture is evaluated in Section 6.1, before

the stochastic models presented for the purpose of aleatoric uncertainty estimation are analysed

in Section 6.2. In Section 6.3, the probabilistic variant of GC-Net is examined, focusing on the

analysis of the differences to the deterministic baseline in Section 6.3.1, the quality of the estimated

uncertainty in Section 6.3.2 and the influence of the KL divergence in Section 6.3.3. This chapter

closes with a summary of the main findings and a discussion of the limitations in Section 6.4.

6.1 CVA-Net Architecture

In this first set of experiments, the functional model for the estimation of aleatoric uncertainty

related to dense stereo matching presented in this work, the CVA-Net architecture, is evaluated.

For this purpose, the performance of CVA-Net is compared against other state-of-the-art methods

addressing the same task, namely CCNN (Poggi and Mattoccia, 2016c), LFN (Fu et al., 2019)

and LGC-Net (using CCNN as local branch) (Tosi et al., 2018) which have been described in the

literature review in Section 3.2, using cost volumes computed with Census-based block matching

(Zabih and Woodfill, 1994), Census-based Semi-global matching (Hirschmuller, 2008) and MC-CNN

fast (Zbontar and LeCun, 2016). Note that the implementations of the other confidence estimation

approaches used in the evaluation are provided by the respective authors. As all of these methods

realise this task solely using confidence estimation via binary classification as stochastic model,

their results are compared against the respective variant of CVA-Net (cf. Sec. 4.2.2). The main

difference between these methods and CVA-Net is the nature of the features utilised to predict the

aleatoric uncertainty: While CVA-Net is based on features from cost volumes, the other methods

learn to extract features from disparity maps only (CCNN and LGC-Net) or additionally from the

RGB reference image (LFN). This difference in the features utilised also motivates the focus of this

first set of experiments, analysing the advantages and drawbacks of uncertainty estimation via cost

volume analysis.

Analysing the quantitative results presented in Table 6.1, it can be seen that the proposed CVA-

Net architecture achieves results comparable to the state-of-the-art, outperforming it in some of

the configurations evaluated. This is not only the case for the results on the KITTI dataset, on

which CVA-Net was also trained on, but the proposed approach also shows state-of-the-art accuracy

on the Middlebury dataset. This indicates that cost curves are characterised by similar features
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Table 6.1: Comparison against state-of-the-art confidence estimation methods. The single entries

show the theoretically optimal (Opt.) and the estimated AUC ×102 averaged over 100 images of

the KITTI dataset and all images of the Middlebury dataset (cf. Sec. 5.4). The smaller the values,

the better, while Opt. is the best achievable value (cf. Sec. 5.4.2). Besides CVA-Net trained with

binary classification as stochastic model, the confidence measures CCNN (Poggi and Mattoccia,

2016c), LFN (Fu et al., 2019) and LGC-Net (Tosi et al., 2018) are evaluated. This comparison is

carried out using cost volumes computed with Census-based block matching (Zabih and Woodfill,

1994), Census-based Semi-global matching (Hirschmuller, 2008) and MC-CNN fast (Zbontar and

LeCun, 2016).

avg. AUC

= 10−2×
Opt. CCNN LFN LGC-Net CVA-Net

KITTI

Census-BM 10.48 12.09 11.99 11.66 11.17

SGM 0.67 2.16 2.19 2.04 1.90

MC-CNN 2.11 2.89 2.90 2.74 2.58

Middlebury

Census-BM 6.42 9.01 9.07 8.36 8.19

SGM 2.15 5.59 6.16 5.30 5.36

MC-CNN 3.38 5.20 5.27 4.89 4.91

independent of the dataset the evaluated stereo image pair belongs to. It furthermore shows that

the concept of learning to estimate the uncertainty of a disparity assignment based on its cost curve

generalises well over different datasets and is only marginally affected by a domain gap between

training and test data.

Analysing the results in more detail, the proposed CVA-Net architecture reveals superior accuracy

in particular in noisy regions of a disparity map. This applies regardless of whether these noisy

disparity estimates belong to image regions that are weakly textured or characterised by high

frequency patterns (cf. Fig. 6.1 and middle row of Fig. 6.2) or to areas which are occluded in one

image of a stereo pair (cf. Fig. 6.3). Keeping in mind that all other methods estimate uncertainty

based on the disparity map (and the reference image for LFN) only, it is evident that CVA-

Net benefits from the additional information contained in cost volumes along the disparity axis.

Methods that rely on the disparity map, often implicitly learn that areas with smooth disparity

estimates have a high chance of being correct, which might be a wrong assumption, especially

in image regions that are known to be challenging in the context of dense stereo matching, as

demonstrated by the qualitative results. The corresponding cost curves, however, may reveal such

ambiguities in the matching process, e.g., due to wide and flat global minima as illustrated in

Figure 4.1, that indicate a higher uncertainty. The statement that cost volume-based information

is beneficial is also supported by the fact that most disparity map-based approaches use a much

wider receptive field. For example, LGC-Net uses a receptive field of size 48 × 48, while the one

of CVA-Net has a size of 13× 13 and is therefore provided with less information along the height

and width axes of the image. Nevertheless, CVA-Net performs equally well and does show superior

performance in some configurations.
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Reference image Disparity reference Confidence map LGC-Net

Disparity estimation Census-BM Confidence map CVA-Net

Figure 6.1: Qualitative comparison on noisy disparity estimates. The disparity maps show small

values in dark blue to high values in red, pixels with unknown ground truth disparity are displayed

in grey. In the confidence maps, a pixel’s confidence is displayed from black (low) to white (high),

while pixels with available ground truth disparity are displayed in colour. Green is assigned if

either the assigned disparity is correct and the confidence c is larger than a threshold τ = 0.5 or if

the disparity assignment is wrong and c ≤ τ . Red pixels, on the other hand, indicate an incorrect

confidence estimation. The confidence maps demonstrate that the presented cost volume-based

approach is superior in image regions with noisy disparity estimates, for example, caused by

weakly textured areas in the reference image, such as the street shown in the lower left corner or

in the shadowed area on the right side.

On the other hand, depth discontinuities, which are also commonly identified as especially chal-

lenging in the context of dense stereo matching, demonstrate one of the limitations of the presented

CVA-Net architecture. As can be seen in Figure 6.2, disparity estimates close to depth disconti-

nuities are often assigned an incorrect confidence, regardless of whether the disparity map-based

LGC-Net or the cost volume-based CVA-Net is used. It can be assumed that this is at least partly

due to the fact that depth discontinuities and other associated effects, such as foreground-fattening,

are not properly represented in the training set. The KITTI dataset, which was used for training to

ensure comparability with the other confidence estimation methods, only provides sparse ground

truth disparities and all methods are trained considering pixels with known ground truth only.

Consequently, edges in disparity space caused by such depth discontinuities are rarely seen by the

network during training. The results further indicate that CVA-Net typically suffers more from

this problem than the other methods, often resulting in a wider margin of incorrect confidence

estimates along a depth discontinuity, which is clearly visible in the example shown in the first row

of Figure 6.2. This problem is probably caused by the relatively small receptive field of CVA-Net,

which does not allow to consider a wider context, making it challenging to decide whether a pixel

belongs to fore- or background. In this scenario, the additional information of the cost curves

does often not support making this decision, but commonly simply indicates a high uncertainty.

The reason for this behaviour can be found in the definition of the local neighbourhood used to

compute the matching cost, which is specified as rectangular with constant extent for most dense
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Census-based block matching

Semi-global matching

MC-CNN

Reference

image
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Confidence map

CVA-Net

Figure 6.2: Qualitative comparison in case of depth discontinuities. Depth discontinuities are par-

ticularly challenging for all dense stereo matching methods considered, as can be seen in the

respective disparity maps, and pose a common error case for all confidence estimation methods.

This is especially visible if a dense disparity reference is available, such as for the samples of the

Middlebury dataset shown in this figure. (For details on the colour coding, refer to Fig. 6.1).

stereo matching methods. As a consequence, these local neighbourhoods typically contain pixels

from the fore- and the background when processing pixels close to depth discontinuities, which

leads to at least two minima in the corresponding cost curve representing a depth in the fore- and

the background, respectively. To resolve this problem, it may be beneficial to extend CVA-Net with

a local-global structure similar to LGC-Net and to additionally take into account the information

contained in the reference image, assuming that image gradients coincide with depth discontinuities

(see Sec. 2.1.3). However, both proposals need further investigations and are subject of future work.



6.1 CVA-Net Architecture 75

Semi-global matching

MC-CNN

Reference

image

Disparity

reference

Disparity

estimation

Confidence map

LGC-Net

Confidence map

CVA-Net

Figure 6.3: Qualitative comparison in case of occlusion. Disparity map-based approaches tend to

assign high confidences to areas which are piece-wise smooth in the disparity map, even if the

assigned disparities are not correct, e.g., caused by occlusions as can be seen to the left of the

poles in both examples. CVA-Net, on the other hand, is able to detect these cases and predicts

the correct confidence, because occlusion can typically be identified by analysing a pixel’s cost

curve. (For details on the colour coding, refer to Fig. 6.1).

Finally, the quantitative results presented in Table 6.1 demonstrate that the proposed CVA-

Net architecture can successfully be applied to different dense stereo matching methods, covering

a conventional local (Census-BM) and global approach (SGM) as well as a deep learning-based

procedure (MC-CNN). However, the results also reveal that estimating the confidence corresponding

to disparity estimates resulting from SGM is clearly more challenging than for Census-BM and

MC-CNN, as can be seen by the significantly larger margin between the optimal AUC and the

AUC corresponding to the estimations of SGM. Note that this is not only the case for CVA-

Net, but also applies to the other confidence estimation methods evaluated. The reason for this

problem is illustrated in Figure 6.4: While SGM is beneficial to minimise noisy disparity estimates

and to correct local outliers, it may result in overly smooth disparity maps that suffer from the

effect of foreground-fattening and the elimination of fine details, caused by over-smoothing depth

discontinuities that are located close to each other. The latter is visible in the example especially

between the poles on the right side of the image and between the rear wheels of the depicted car.

Disparity map-based approaches often mistakenly consider such overly smooth disparity estimates

as an indication for the correctness of these estimates, because these approaches often learn to

associate the smoothness of disparity estimates with their correctness, as already discussed earlier.

Also the additional information contained in the corresponding cost volume does typically not
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Reference image Disparity reference Confidence map LGC-Net

Disparity estimation SGM Confidence map CVA-Net

Figure 6.4: Visualisation of the problem with SGM-based disparity maps. Disparity maps resulting

from SGM are characterised by smooth and less noisy estimates compared to the two other dense

stereo matching methods considered in this section. However, SGM tends to over-smooth fine

details and intensifies the problem of foreground-fattening, as can be seen between the rare wheels

of the car and around the poles on the right side of the image. (For details on the colour coding,

refer to Fig. 6.1).

allow to disclose this mistake, because SGM directly operates on the cost information, which

leads to smoother cost curves that are characterised by a distinct global minimum in most cases.

While this behaviour improves the accuracy of the disparity estimation, it distorts the conclusions

drawn from the cost curve characteristics with respect to the associated uncertainty, for example,

because originally occurring ambiguities are cancelled out which artificially reduces the assessed

uncertainty (cf. Fig. 4.1). A potential solution to this issue may be to estimate the uncertainty of

the initial cost volume originating from the underlying cost computation approach (e.g. Census,

as in the experiments presented) and to propagate this uncertainty information through the global

optimisation process of SGM, e.g., based on the approach presented in (Schönberger et al., 2018).

In conclusion, this first set of experiments demonstrates the ability of the proposed CVA-Net

architecture to serve as functional model for the estimation of aleatoric uncertainty. Compared

to state-of-the-art approaches from the literature addressing the same task, CVA-Net shows com-

parable performance and is superior in some scenarios. Especially the ability to assign correct

confidences in the presence of occlusions or in weakly texture areas is a clear strength of the

approach presented. Limitations, for example, in the context of depth discontinuities, are often

not exclusive for CVA-Net, but can also be observed for the other methods evaluated, although

CVA-Net appears to be more sensitive to this particular problem. Despite the fact that the SGM-

related behaviour requires further investigation, the results still show that the proposed CVA-Net

is applicable to cost volumes of quite different stereo matching approaches.
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Figure 6.5: Influence of Semi-global matching on the characteristics of cost curves. Each figure

shows the cost curves computed with Census-based block matching and Census-based Semi-

global matching in green and red, respectively, for a particular pixel. All three examples show

that SGM has a smoothing effect on the curves and almost always results in a curve with a clear

and distinct global minimum, eliminating potentially occurring ambiguities.

6.2 Aleatoric Uncertainty Models

In this second set of experiments, the stochastic models proposed to learn the estimation of aleatoric

uncertainty in a Bayesian way, as described in Section 4.2.2, are evaluated. Due to the missing

possibility to evaluate confidence scores in terms of the error magnitude, the variant employing

binary classification to learn the prediction of confidence is not considered in the evaluation carried

out in this section. To ensure that differences in the results are actually caused by the varying

stochastic models, the functional model is predominantly kept unchanged. More precisely, the

CVA-Net architecture is used for this purpose, only adapting the final part of the architecture,

the regression head, to allow for the prediction of the type and number of parameters needed by

the respective stochastic model (see Fig. 4.3). As for the first set of experiments, cost volumes

computed with different dense stereo matching methods are considered in the evaluation, namely

Census-based block matching (Zabih and Woodfill, 1994) and MC-CNN fast (Zbontar and LeCun,

2016). Due to the remaining open problems with Semi-global matching discussed in the previous

section, cost volumes corresponding to SGM are not considered in the experiments evaluated in

this section.

Analysing the quantitative results shown in Table 6.2, it is evident that the mixture as well

as the scene-aware model outperform the Laplacian model in all configurations evaluated, often

by a clear margin. This behaviour is also visible in the illustration of the distributions of the

predicted uncertainty with respect to the actual disparity error shown in Figure 6.6: While the

Laplace model results in a more dispersed distribution, especially the scene-aware model leads to a

clearly improved correlation. These observations already allow to draw a first conclusion, namely

that the additional consideration of a uniform distribution in the uncertainty model is beneficial

in assessing the actual error distribution. In addition, it can be stated that this modification not

only improves the results in regions it was meant to, namely regions that are especially challenging

in the context of dense stereo matching and thus often have a higher number of large errors (e.g.

visible in Fig. 6.8c), but supports the estimation of aleatoric uncertainty in general. This effect can

be explained by the implicit compromise when using the Laplace distribution only, namely the joint

optimisation for small uncertainty estimates in areas where the correct disparity can be identified
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Table 6.2: Comparison of the stochastic models used for aleatoric uncertainty estimation. The

single entries show the Pearson correlation coefficients (cf. Eq. 5.5) between the disparity error

and the standard deviations estimated with the individual models, considering all pixels (total)

or evaluating specific image regions, namely weakly textured and occluded areas and pixels that

are located close to depth discontinuities (cf. Sec. 5.4.4). For this purpose, 100 images of the

KITTI dataset and all images of the Middlebury dataset (cf. Sec. 5.4) are considered, using cost

volumes computed with Census-based block matching (Zabih and Woodfill, 1994) and MC-CNN

fast (Zbontar and LeCun, 2016).

Total
Weakly

Textured
Occluded

Laplace 0.85 0.83 0.82

Mixture 0.88 0.85 0.85

Scene-aware 0.91 0.89 0.88

(a) Census-BM on KITTI

Total
Weakly

Textured
Occluded

Depth

Discon.

0.82 0.82 0.76 0.82

0.86 0.84 0.75 0.84

0.87 0.86 0.77 0.87

(b) Census-BM on Middlebury

Total
Weakly

Textured
Occluded

Laplace 0.86 0.84 0.84

Mixture 0.86 0.84 0.85

Scene-aware 0.89 0.87 0.87

(c) MC-CNN on KITTI

Total
Weakly

Textured
Occluded

Depth

Discon.

0.81 0.81 0.69 0.79

0.81 0.81 0.69 0.79

0.82 0.82 0.70 0.81

(d) MC-CNN on Middlebury

and localised well and very large uncertainties in areas where this is not possible. Treating these

two situations individually, the consideration of a uniform distribution in challenging areas supports

the estimation of uncertainty via a Laplace distribution in the other areas.

Examining the quantitative results in more detail, it becomes evident that the domain gap

between the KITTI dataset the different models were trained on and the Middlbury dataset used

for testing leads to a noticeable decrease in accuracy. This is especially visible for occluded regions,

for which the correlation coefficient drops sharply for both dense stereo matching methods. In

general, this behaviour can be explained by the different allocation of pixels to the individual

regions: While the majority of pixels do not belong to challenging regions for the KITTI dataset,

most pixels are either located in weakly textured or occluded regions for the Middlebury dataset, as

illustrated by the region mask in Figure 6.8b. As these regions contain by definition less information

valuable for both, dense stereo matching as well as the quantification of the associated uncertainty,

it is to be expected that the quality of the estimated uncertainty decreases. While the presence

and the extent of weakly textured regions can be determined from the reference image directly and

are typically also clearly identifiable from cost curves as wide and flat global minima, occlusions

do generally not lead to a global minimum in the cost curve at the position of the correct disparity

(for example visible in Fig. 4.5c). In consequence, it is not only more challenging to identify the

correct correspondence for a pixel located in an occluded region, but also to actually detect that a

pixel belongs to such a region and to quantify the associated uncertainty. In this context, it is to be

noted that for the Middlebury dataset, not only the percentage of occluded pixels is increased, but

also the extent of individual occlusions, which further aggravates the previously described problem.
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Figure 6.6: Distribution of the predicted aleatoric uncertainty corresponding to Census-BM on

KITTI. The figure shows the aleatoric uncertainty predicted with the three different stochastic

models with respect to the absolute disparity error computed with Census-based block matching

in a logarithmic colour scale. While the visualisations in the first row consider all pixels of

the evaluated KITTI images, the visualisations in the second and third row focus on especially

challenging image regions, namely weakly textured and occluded areas, respectively.

This problem is also clearly visible in Figures 6.6 and 6.7, in which especially the distributions

corresponding to occluded areas show a horizontal line that is more pronounced for the Middlebury

dataset. This line indicates that all three models are unsure regarding the actual uncertainty,
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Figure 6.7: Distribution of the predicted aleatoric uncertainty corresponding to MC-CNN on

Middlebury. The figure shows the aleatoric uncertainty predicted with the three different

stochastic models with respect to the absolute disparity error computed with MC-CNN on the

Middlebury dataset in a logarithmic colour scale. The three rows show the behaviour of these

models in different challenging image regions, namely weakly textured areas, occluded areas and

pixels located close to depth discontinuities.

predicting the same relatively large value for a wide range of disparity errors. However, both

figures also demonstrate that the proposed scene-aware model is capable to mitigate this effect,

which is also visible in the qualitative results shown in Figure 6.8 in which differences with respect to
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(a) Reference image (b) Region mask (c) Error map

(d) Uncertainty map Laplace (e) Uncertainty map Mixture (f) Uncertainty map Scene-aware

Figure 6.8: Qualitative results of the three evaluated aleatoric uncertainty models. The figure

shows the absolute disparity error in comparison to the uncertainty maps resulting from the

three stochastic models used to estimate aleatoric uncertainty in a Bayesian way. The disparity

map is computed with Census-based block matching on an image from the Middlebury dataset.

The region mask highlights regions that are especially challenging in the context of dense stereo

matching, showing weakly textured areas in beige, occluded areas in red and pixels close to depth

discontinuities in orange. The error map and the uncertainty maps show small values in white

and large ones in dark red / black. Note that the values of the three uncertainty maps are scaled

to the same interval to allow for an easier comparison. The arrows indicate regions for which the

uni-modal Laplace model under-estimates the error in occluded regions and over-estimates the

error at depth discontinuities in blue and green, respectively.

occluded regions are highlighted by blue arrows. Moreover, the clearly smaller differences between

the correlation coefficients belonging to the three aleatoric uncertainty models for MC-CNN fast

on Middlebury (see Tab. 6.2d) compared to the other configurations evaluated are noticeable. This

behaviour can be explained by the limited possibility of describing a more complex relation between

the absolute disparity error and the estimated uncertainty with a single number. As can be seen

in Figure 6.7, the three aleatoric uncertainty models result in clearly distinguishable distributions

for this configuration, for which the scene-aware model shows the strongest relationship between

the absolute disparity error and the estimated uncertainty.

After it could already be stated that the additional consideration of a uniform distribution is

beneficial to estimate aleatoric uncertainty, clear differences in the results can also be observed

with respect to the approach followed to combine the uniform and the Laplace distribution in the

stochastic model. As described in Section 4.2.2, the mixture model estimates the uncertainty of

each pixel as a weighted aggregation of these two types of distributions, where the weighting is also

predicted by the network without any constraints or assumptions being placed on that weighting.
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In contrast, the scene-aware model utilises only one type of distribution per pixel, with the decision

which type is used being directly tied to the type of region a pixel belongs to. Comparing only the

results of these two models, it can be seen that the scene-aware model outperforms the mixture

model in all configurations. Thus, it can be concluded that the model assumption imposed by the

scene-aware variant supports the training process and is more suitable for the problem addressed

compared to the purely data-driven approach followed by the mixture model to determine the

weighting. In this context, it is to be noted that for weakly textured regions the decision whether

a Laplace or a uniform distribution is used to model the uncertainty of a pixel is derived from

the image directly. On the other hand, this decision is based on a prediction for occluded regions,

because the information whether a pixel is occluded is in general unknown at test time. While an

accuracy of about 90% for both, the KITTI and the Middlebury dataset, implies that classification

into occluded or non-occluded regions works rather well, precision and recall values of 0.5 and 0.6,

respectively, show that there is still space for improvements. A particular challenge is the highly

unbalanced distribution across the two classes, with occlusions being extremely underrepresented

in the training data at less than 5%.

Lastly the focus is put on a region type that was not addresses in the discussion so far: depth

discontinuities. In the definition of the scene-aware model as presented in this thesis, pixels that

are located close to such depth discontinuities are not treated as belonging to a challenging region

and the associated uncertainty is thus modelled using a Laplace distribution. This decision was

made, because the cost curve corresponding to a pixel that belongs to such a region is typically

not characterised by the absence of a clear minimum, but rather by the presence of multiple peaks

at the disparities belonging to the depth of the objects that overlap in the image and form a

depth discontinuity. While a Laplace distribution is not capable of capturing such a multi-modal

characteristic, it is still better suited than a uniform distribution. However, as demonstrated by

the quantitative results shown in Table 6.2 and the distributions of the uncertainty with respect

to the disparity error shown in Figure 6.7, all three stochastic models are nevertheless able to

assess the uncertainty of pixels located close to depth discontinuities reasonably well, achieving

correlations comparable to the respective ones taking into account all pixels. Thus, as for the

comparison of the overall correlations, the scene-aware model also demonstrates superior results

for this particular region (cf. area marked by a green arrow in Fig. 6.8). Despite these good results

also for depth discontinuities, further investigations should be carried out in the future, examining

the possibilities to represent the uncertainty in such regions with multi-modal distributions, for

example, via Gaussian mixture models. Based on the fact that such a model would better fit to the

actual error distribution, this adaptation promises to further improve the results. However, in this

context, it must also be noted that training a model that explicitly considers depth discontinuities

requires a dense reference for the disparity to actually be able to determine ground truth labels

indicating these regions.
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6.3 Dense Stereo Matching using a Bayesian Neural Network

In the third and last set of experiments, the characteristics of the probabilistic variant of GC-Net

presented in this work are analysed. For this purpose, in Section 6.3.1, this probabilistic variant

is first compared against the deterministic baseline. In Section 6.3.2, the estimated uncertainty

is examined, comparing the combined model against variants that account for either aleatoric or

epistemic uncertainty only. Lastly, in Section 6.3.3, the influence of the KL divergence and the

specified prior for the variational distribution is investigated.

6.3.1 Comparison to the Deterministic Baseline

In order to investigate the effects caused by the transformation of a deterministic CNN into a

probabilistic one, in this section, the proposed probabilistic variant of GC-Net (in the following

referred to as GC-Netprob) is compared against the deterministic baseline as presented by Kendall

et al. (2017b) (in the following referred to as GC-Netdet). In this context, the focus is put on

the accuracy of the disparity estimated by these two variants, making sure that the objective

of being able to assess epistemic uncertainty does not hinder the ability of disparity estimation.

Furthermore, also practical aspects, namely the training and inference time as well as the memory

footprint during training, are addressed.

Analysing the quantitative results presented in Table 6.3, it can be seen that in most configura-

tions the MAE and the RMSE are lower for GC-Netprob compared to GC-Netdet, often by a clear

margin. In this context, the difference between the two variants is significantly larger if training is

carried out only on the synthetic Sceneflow dataset instead of also fine-tuning the network param-

eters with respect to the real-world InStereo2K dataset. In the latter case, the average disparity

error becomes similar for both variants on all datasets but the one used for training. This indicates

that the deterministic variant is more sensitive to the domain gap between synthetic training data

and real-world test data than the probabilistic counter-part. On the other hand, GC-Netprob seems

to discard detailed dataset specific knowledge more easily, as implied by the clearly stronger dete-

rioration with respect to all metrics when being fine-tuned on a dataset different than the one used

for the initial training, as can be seen by the results on the Sceneflow dataset comparing Table 6.3a

and Table 6.3b.

In contrast to the improvements in the MAE and RMSE values, the results of GC-Netprob tend

to contain more smaller errors shown by the often higher pixel error rate, especially evident if a

threshold of one pixel is used. Combining these two observations, having a lower average error while

producing more smaller errors, it can be concluded that the disparities estimated by GC-Netprob

contain a lower number of large errors. This statement is also supported by the qualitative results

shown in Figure 6.9. While the error maps corresponding to GC-Netdet contain several artefacts

with a very large disparity error that can be identified by their colouring in dark red and black and

are visible in the examples of all four datasets, the results of the probabilistic adaptation contain

clearly less such problematic regions. Additionally taking into account the corresponding region

masks, it becomes evident that most of these artefacts are located in weakly textured regions of the
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Table 6.3: Quantitative comparison of the deterministic and probabilistic variant of GC-Net.

The probabilistic variant proposed in this work is compared against the deterministic baseline

presented by Kendall et al. (2017b) based on the disparity error metrics described in Section 5.4.1.

Pixel Error Rate [%] MAE

[px]

RMSE

[px]τ = 1 τ = 3 τ = 5

Sceneflow

deterministic 10.4 5.5 4.3 1.8 10.5

probabilistic 12.1 5.6 3.7 0.9 3.7

KITTI

deterministic 64.3 33.1 22.2 6.1 14.7

probabilistic 64.9 33.2 20.0 3.7 7.0

Middlebury

deterministic 34.2 18.4 13.5 4.7 13.1

probabilistic 42.8 24.4 16.8 3.9 7.3

InStereo2K

deterministic 65.9 44.4 36.3 17.5 34.1

probabilistic 71.7 51.0 41.0 10.0 15.9

(a) Trained on Sceneflow

Pixel Error Rate [%] MAE

[px]

RMSE

[px]τ = 1 τ = 3 τ = 5

Sceneflow

24.0 11.7 9.6 3.9 13.3

23.9 15.0 12.5 4.6 14.2

KITTI

35.8 7.5 4.0 1.5 4.2

34.3 8.8 5.2 1.7 5.4

Middlebury

32.4 20.0 16.0 4.5 10.9

33.9 20.4 16.2 4.4 11.0

InStereo2K

17.9 8.9 7.1 3.7 8.0

19.1 10.4 7.8 2.5 5.7

(b) Fine-tuned on InStereo2K

reference image. Under the assumption that potentially matching pixels located in such a region are

assigned similar cost values, the correct match can only be identified by chance. However, averaging

the disparities assigned to these potentially matching pixels, the risk of choosing an incorrect pixel

far away from the correct solution and thus making a gross mistake can be reduced. Consequently,

the superior performance of GC-Netprob with respect to weakly textured image regions can mainly

be explained by the Monte Carlo sampling approach applied to approximate the distribution of the

disparity prediction.

To obtain a deeper insight into the differences between the deterministic and the probabilistic

variant and to better understand which effects arise from the Monte Carlo sampling and which are

due to the stochastic nature of the employed BNN approach, GC-Netprob is additionally examined

using a single Monte Carlo sample instead of 50 as proposed in Section 5.4.5. As shown in Table 6.4,

this probabilistic variant using a single Monte Carlo sample estimates disparities with similar pixel

error rates as the deterministic baseline. The MAE and the RMSE, however, are slightly improved,

which implies that the stochastic nature of this approach itself is already beneficial to reduce the

number of large errors. In comparison, GC-Netprob using 50 Monte Carlo samples demonstrates

a further clear improvement with respect to the MAE and the RMSE, while the pixel error rates

deteriorate, as already described above. This behaviour is also visible in Figure 6.10, which shows

the distribution of the estimated disparities with respect to the corresponding ground truth values.

While an optimal dense stereo matching method would have an associated distribution that shows a

thin diagonal line, the three evaluated variants show a relatively strong correlation in this sense but

also a noticeable amount of larger deviations. On the one hand, GC-Netdet tends to rather under-

estimate the true disparity, on the other hand, the probabilistic variant using a single Monte Carlo

sample shows a more balanced distribution with a similar amount of deviations above and below the

diagonal. More important is the fact that most deviations of the latter are clearly smaller than for
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Figure 6.9: Qualitative comparison of the disparity error. From left to right, the figure shows an

example for the Sceneflow, Middlebury, InStereo2K and KITTI dataset, respectively. The refer-

ence disparity maps shows small values in dark blue and large ones in red, while grey indicates

pixels with unknown reference disparity. The region masks highlights regions that are especially

challenging in the context of dense stereo matching, showing weakly textured areas in beige,

occluded areas in red and pixels close to depth discontinuities in orange. The error maps show

small values in white and large ones in dark red / black.
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Table 6.4: Evaluation of the effects arising from the probabilistic convolutional layers and the

Monte Carlo sampling. Three variants of GC-Net are compared, the deterministic baseline and

the probabilistic variant presented in this work, using a single Monte Carlo sample or 50 samples

(as proposed in Sec. 5.4.5), respectively. All variants are fine-tuned and tested on the InStereo2K

dataset. Besides the disparity error, the training time in seconds per sample, the inference time

in seconds per image and the memory footprint during training are listed for every variant.

Pixel Error Rate [%] MAE

[px]

RMSE

[px]

Training

time [s]

Inference

time [s]

Memory footprint

[GB]τ = 1 τ = 3 τ = 5

deterministic 17.9 8.9 7.1 3.7 8.0 0.41 5 5.0

probabilistic

(1 MC sample)
18.1 8.8 6.8 2.8 7.7 0.55 7 5.2

probabilistic

(50 MC samples)
19.1 10.4 7.8 2.5 5.7 0.55 351 5.2

the deterministic variant. This applies even more for GC-Netprob using 50 Monte Carlo samples, for

which the distribution is more centralised along the diagonal. Consequently, the conclusion drawn

based on the numeric results that both, the stochastic nature as well as the sampling approach used

in the probabilistic variant, contribute to improve the average disparity error, are also supported by

the analysis of the correlation between estimated and reference disparity. Moreover, these results

indicate that the increased number of small errors, as expressed by the higher pixel error rates

for small thresholds, is purely caused by the strategy employed to aggregate the results of the

individual Monte Carlo samples. To overcome this drawback, it may be beneficial to determine the

mode of the posterior distribution as final disparity estimate instead of using the mean. However,

because the approximation of the posterior is computed based on samples, the result is typically a

discrete distribution which further depends on hyper-parameter settings, such as the number and

width of bins used for the discretisation, which may lead to different modes for the same set of

samples. Thus, further investigations are required in this context that need to be carried out in

future work.

To close the comparison between the deterministic baseline and the probabilistic variant of GC-

Net presented in this work, some practical aspects are examined. For this purpose, the training

time per sample (an image extract of size 512× 128 pixels as described in Sec. 5.3.3), the inference

time per image (with respect to the images of the InStereo2K dataset as specified in Tab. 5.1) and

the memory footprint during training are determined as the average values over all training or test

samples of the InStereo2K dataset, respectively, and are listed in Table 6.4. To minimise the risk

of effects that arise from anything else than the probabilistic adaptation proposed in this work,

both variants, GC-Netdet and GC-Netprob, are implemented using the same framework (Tensorflow

2.3) and are trained and tested on the same hardware (AMD Ryzen 7 2700X 8×3.7 GHz, 32 GB

memory, Nvidia Titan V). Analysing the training time and the memory footprint, it can be seen that

the stochastic forward pass together with the Bayesian backpropagation employed to optimise the

weights of the variational distribution of GC-Netprob are computationally more complex and require

more memory than their deterministic counter-parts. This becomes particularly evident when

keeping in mind that the number of feature channels and thus the size of the intermediate feature
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(a) Deterministic (b) Probabilistic (1 sample) (c) Probabilistic (50 samples)

Figure 6.10: Distribution of the estimated disparity with respect to the reference. Three variants

of GC-Net are compared, the deterministic baseline and the probabilistic variant presented

in this work, using a single Monte Carlo sample and 50 samples (as proposed in Sec. 5.4.5),

respectively. All variants are fine-tuned and tested on the InStereo2K dataset. The logarithmic

colour scale denotes the percentage of pixels assigned the respective estimated and ground truth

disparity, while a thin diagonal line would indicate an optimal result.

maps is reduced by 25% for the probabilistic variant compared to the baseline (see Sec. 4.3.1). In

turn, this reduction helps to mitigate the difference between both variants, leading to an increase

of training time of about 34% and a similar memory footprint. Note that the training time and the

memory footprint are identical for the two probabilistic variants, because they only differ in the

number of Monte Carlo samples used to approximate the posterior distribution, which only affects

the behaviour at test time and has no influence on the training characteristics.

In contrast, the comparison of the inference time reveals significant differences and demonstrates

a drawback of approaches that are based on Monte Carlo sampling: While the difference between

the deterministic and the probabilistic variant using a single Monte Carlo sample is comparable

to the one on the training time, the inference time increases linearly with the number of samples

drawn. Thus, the probabilistic variant using 50 Monte Carlo samples requires about six minutes

to compute a single disparity map, while this task is completed by the baseline in about five

seconds. It may be argued that such a long inference time limits the practical relevance of the

proposed approach, but it should be noted that several options exist to optimise the inference time:

The computation of the individual samples can be fully parallelised or a more light-weight model

could be used as basis (e.g. the adapted variant of GC-Net presented by Tulyakov et al. (2018)).

Alternatively, the number of Monte Carlo samples drawn can be reduced if uncertainty estimates of

lower accuracy are acceptable (cf. Fig. 5.3). Finally, first approaches are presented in the literature

that allow to estimate epistemic uncertainty without relying on any kind of sampling, which clearly

reduces the computational over-head (Postels et al., 2019).

6.3.2 On the Relevance of Aleatoric and Epistemic Uncertainty

In this second part of the experimental evaluation of the BNN presented in this thesis, the focus is

put on the estimated uncertainty. For this purpose, four different variants of GC-Net are compared:
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the deterministic baseline proposed by Kendall et al. (2017b), the probabilistic adaptation presented

in Section 4.3 and both of these variants in combination with CVA-Net, as described in Section 4.4.

Based on this comparison, the effects of exclusively estimating either aleatoric (deterministic GC-

Net + CVA-Net) or epistemic uncertainty (probabilistic GC-Net) or predicting both of them jointly

(probabilistic GC-Net + CVA-Net) are investigated. Besides the examination of the uncertainty,

also the influence of combining GC-Net and CVA-Net on the disparity estimation capability is

analysed. To allow a fair comparison, all four models are trained on the Sceneflow dataset first

and are then fine-tuned on the InStereo2K dataset, as described in Sections 5.3.3 and 5.3.4 and as

shown in Table 5.2b.

Analysing the correlation coefficients listed in Table 6.5, it can be seen that the variant that

considers aleatoric and epistemic uncertainty jointly results in the highest correlation between the

absolute disparity error and the estimated uncertainty given as standard deviation for all three

datasets evaluated. While the exclusive consideration of epistemic uncertainty leads to slightly

worse results, only taking into account aleatoric uncertainty reduces the correlation significantly.

It is also noticeable that the correlation decreases, with an increase of the domain gap between

training and test data. While the correlations are highest on the InStereo2K dataset which was

also used for fine-tuning the network parameters, they are worse for the Middlebury dataset, which

also shows indoor scenes as the images of the InStereo2K dataset but with different characteristics

and captured using a different set-up (cf. Sec. 5.2), and are worst for the KITTI dataset, which

shows outdoor scenes and thus has the largest domain gap to the training data. In addition, the

variant that only estimates aleatoric uncertainty seems to be especially sensitive regarding these

differences in the data processed. This effect can be explained by the fact that such a domain gap

is mainly reflected by the uncertainty inherent in the model, because the definition of domain gap

implies that the statistical properties of the data used to train the parameters of a model differs

from the properties of the data used to test this model. In contrast, sources of uncertainty that

are considered as being aleatoric are less affected, because concepts such as occlusion or texture

remain unchanged for different datasets. Nevertheless, the ability of a model to estimate aleatoric

uncertainty may very well be affected by a domain gap, leading to an indirect impact on the quality

of the aleatoric uncertainty estimates. Consequently, because the uncertainty that is inherent in the

model is neglected, the variant that considers aleatoric uncertainty only is less suitable to estimate

uncertainty that arises from a domain gap in the data.

These observations are also supported by the sparsification plots shown in Figure 6.11. In these

plots, the mean absolute error is shown with respect to the percentage of disparity estimates

considered, which is reduced discarding pixels having assigned the largest uncertainty estimates

first. While all three variants, estimating aleatoric or epistemic uncertainty only or considering

both of them jointly, lead to similar curves for the InStereo2K dataset, significant differences can be

seen for the Middlebury and the KITTI dataset. For these two datasets, the exclusive consideration

of aleatoric uncertainty is not sufficient to infer the disparity error from the uncertainty, leading

to a clearly higher MAE for the same density compared to the two other variants. This behaviour

is also illustrated by the qualitative examples shown in Figures 6.12 and 6.13. For the example

from the InStereo2K dataset, the uncertainty estimates of all three variants allow to identify the

majority of erroneous disparity estimates, most of them being part of an artefact located at the



6.3 Dense Stereo Matching using a Bayesian Neural Network 89

Table 6.5: Comparison of different uncertainty models in the context of GC-Net. The listed

models are analysed with respect to the disparity error metrics described in Section 5.4.1, the

average of the estimated disparity, whereas the combined standard deviation is computed based

on Equation 4.21, and the Pearson correlation coefficient of the absolute disparity error and the

combined estimated standard deviation (see Eq. 5.5). A hyphen indicates that a certain type of

uncertainty is not estimated using the respective model.

Pixel Error Rate [%] MAE

[px]

RMSE

[px]

Standard deviation [px]
r∆d,σ

τ = 1 τ = 3 τ = 5 alea. epis. comb.

InStereo2K

deterministic 17.9 8.9 7.1 3.7 8.0 - - - -

deterministic + CVA-Net 18.1 9.0 7.3 2.9 6.8 1.3 - 1.3 0.57

probabilistic 19.1 10.4 7.8 2.5 5.7 - 2.4 2.4 0.69

probabilistic + CVA-Net 18.3 9.7 7.5 2.5 6.2 1.2 2.1 2.8 0.70

Middlebury

deterministic 32.4 20.0 16.0 4.5 10.9 - - - -

deterministic + CVA-Net 35.7 23.4 19.2 5.7 12.8 2.7 - 2.7 0.33

probabilistic 33.9 20.4 16.2 4.4 11.0 - 3.0 3.0 0.65

probabilistic + CVA-Net 35.8 23.7 19.4 5.6 12.1 1.8 2.8 4.0 0.70

KITTI

deterministic 35.8 7.5 4.0 1.5 4.2 - - - -

deterministic + CVA-Net 37.9 9.7 6.0 2.0 5.9 3.5 - 3.5 0.29

probabilistic 34.3 8.8 5.2 1.7 5.4 - 5.4 5.4 0.62

probabilistic + CVA-Net 36.2 9.7 6.1 2.0 6.1 2.2 5.3 6.7 0.66

left side of the image which is caused by the complete absence of texture in this region. With

respect to the example from the KITTI dataset, however, only the variants that consider epistemic

uncertainty are capable of predicting uncertainty estimates that show a strong relation to the actual

disparity error. In contrast, the uncertainty map obtained with the variant that considers aleatoric

uncertainty only contains higher uncertainties for more distant points in the scene, but does not

provide particularly large uncertainty estimates for pixels with a large disparity error.

Focusing on the correlation coefficients in Table 6.5 that correspond to the variant that esti-

mates aleatoric uncertainty only, it is noticeable that these values are clearly smaller than the ones

obtained with the same aleatoric uncertainty model (the scene-aware model) using cost volumes

originating from Census-based block matching or MC-CNN, as shown in Table 6.2. These dif-

ferences may partially be caused by the domain gap between training and test data as discussed

before. However, such a strong decrease of the correlation cannot be observed on the results pre-

sented in Section 6.2, although the impact of different datasets was also investigated there, training

the approach on the KITTI dataset while using images from the Middlebury dataset for testing.

Yet, a decrease of correlation can be observed with respect to the dense stereo matching method

used to compute the cost volume which serves as basis for the estimation of aleatoric uncertainty

using the approach presented in this thesis. More precisely, the more accurate the disparity maps

obtained with a certain dense stereo matching method, the lower the achieved correlation between

the estimated uncertainty and the disparity error. It can thus be assumed, that the quality of

the disparity estimates has a direct influence on the ability to estimate the associated aleatoric

uncertainty. This behaviour can be explained by the unbalanced distribution of the disparity error:
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(a) InStereo2K (b) Middlebury (c) KITTI

Figure 6.11: Sparsification plots with respect to the different types of uncertainties estimated.

The figures show the mean absolute disparity error considering all test images of the respective

dataset on the y-axis and the percentage of considered disparity estimates on the x-axis. The

percentage is reduced discarding pixels that have assigned the highest uncertainties first. The

depicted curves correspond to the aleatoric, epistemic and combined uncertainty predicted with

the deterministic GC-Net + CVA-Net, the probabilistic GC-Net and the probabilistic GC-Net

+ CVA-Net, respectively.

The more accurate a disparity map, the more pixels have assigned estimates with a disparity error

close to zero. In turn, only a small percentage of pixels remain with a larger disparity error, which

motivates the network to preferably learn the prediction of small uncertainties, because the chance

for a correct guess is higher than for the prediction of a large uncertainty. Because this problem is

similar to the one of imbalanced classes in the context of classification tasks, for the experiments

conducted in the context of this thesis, it is addressed by weighting training samples in a manner

inverse proportional to the frequency of their associated disparity error in the loss function (see

Sec. 5.3.4). However, the effect that arises from such an imbalanced distribution of the disparity

error is only mitigated but not resolved, as is clearly visible in Figure 6.14, in particular on the Mid-

dlebury dataset indicated by the horizontal line. Consequently, the issues of imbalanced training

data in the context of regression tasks in general and the estimation of aleatoric uncertainty related

to disparity maps of high accuracy in particular require further investigations. The correlation plots

shown in Figure 6.14 as well as the associated correlation coefficients listed in Table 6.5 imply that

the joint estimation of aleatoric and epistemic uncertainty leads to the best results and is thus the

means of choice. Consequently, despite the remaining open challenges discussed, the consideration

of aleatoric uncertainty is still useful, also in the context of the highly accurate disparity estimates

obtained with GC-Net.

Analysing the mean standard deviations listed in Table 6.5 that correspond to the three different

variants, several interesting effects can be observed. First of all, it can be seen that the estimated

aleatoric and epistemic uncertainty is always larger if only one type of uncertainty is considered

in the estimation. This indicates that while aleatoric and epistemic uncertainty can be clearly

separated in theory, to some extent both approaches are able to also account for uncertainty from

sources assigned to the respective other type of uncertainty. However, the standard deviation of

their combination is always larger than the individual uncertainties, implying that both types of

uncertainty contribute to an accurate quantification and that a model that takes into account only

aleatoric or only epistemic uncertainty is not capable to reflect the error distribution to be expected

properly. As discussed before, this observation is also supported by the respective correlation
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(a) Reference image (b) Reference disparity (c) Region mask

(d) Error map aleatoric (e) Error map epistemic (f) Error map combined

(g) Uncertainty map aleatoric (h) Uncertainty map epistemic (i) Uncertainty map combined

Figure 6.12: Qualitative comparison of aleatoric and epistemic uncertainty and their combined

estimation on an example of the InStereo2K dataset. The figure shows the absolute

disparity error estimated with the deterministic GC-Net + CVA-Net, the probabilistic GC-Net

and the probabilistic GC-Net + CVA-Net in comparison to the associated uncertainty maps.

In both the error and the uncertainty maps, small values are shown in white, large ones in dark

red / black. Note that the values of the three uncertainty maps are scaled to the same interval

to allow for an easier comparison. The reference disparity map shows large disparities in orange

to red and small ones in turquoise to dark blue. The region mask highlights regions that are

especially challenging in the context of dense stereo matching, showing weakly textured areas

in beige, occluded areas in red and pixels close to depth discontinuities in orange.

coefficients. Moreover, it can be seen that the epistemic uncertainty dominates its aleatoric counter-

part for all datasets, which is also clearly visible in the correlation plots shown in Figure 6.14.

While a contribution of the aleatoric uncertainty is nevertheless observable when estimating both

kinds of uncertainties jointly, the results might be further improvable if a weighting scheme is

considered in the context of their aggregation. The results corresponding to the disparity error
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(a) Reference image (b) Reference disparity (c) Region mask

(d) Error map aleatoric (e) Error map epistemic (f) Error map combined

(g) Uncertainty map aleatoric (h) Uncertainty map epistemic (i) Uncertainty map combined

Figure 6.13: Qualitative comparison of aleatoric and epistemic uncertainty and their combined

estimation on an example of the KITTI dataset. The figure shows the absolute disparity

error estimated with the deterministic GC-Net + CVA-Net, the probabilistic GC-Net and the

probabilistic GC-Net + CVA-Net in comparison to the associated uncertainty maps. For an

explanation of the colour coding, refer to Figure 6.12.

reveal that the combination with CVA-Net does not only allow to assess the aleatoric uncertainty,

but also influences the disparity estimation itself. While for the deterministic variant of GC-Net this

influence can mainly be seen on the improved MAE and RMSE values for the InStereo2K dataset,

the combination with CVA-Net has a positive effect on the pixel error rates for the probabilistic

variant of GC-Net (cf. Tab. 6.5). However, such an improvement can only be seen on the InStereo2K

dataset that was used for fine-tuning the network parameters. In contrast, the disparity error is

slightly increased for the Middlebury and the KITTI dataset. This indicates that the combination

of GC-Net and CVA-Net leads to an over-fitting of the trainable parameters to the characteristics

of the training data, which has a negative impact on the transferability of a trained model to other

datasets.

Overall, the experimental results analysed in this section demonstrate the importance of estimat-

ing both aleatoric and epistemic uncertainty, in order to achieve an accurate and reliable estimation

of the actual uncertainty associated to a depth estimate obtained via dense stereo matching. In

practical terms, the large advantage of uncertainty estimation can be seen in the sparsification

plots: Discarding only the 10% of pixels having assigned the highest uncertainty, the mean abso-
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Figure 6.14: Distributions of the different types of estimated uncertainties. The figure shows the

aleatoric, epistemic and combined uncertainty predicted with the deterministic GC-Net + CVA-

Net, the probabilistic GC-Net and the probabilistic GC-Net + CVA-Net, respectively, with

respect to the absolute disparity error using a logarithmic colour scale.

lute disparity error can be reduced by more than 50%, which is true for all datasets evaluated. This

demonstrates that the approach for jointly estimating aleatoric and epistemic uncertainty presented

in this work is capable of identifying the majority of erroneous disparity estimates and to assign

an uncertainty with a magnitude that is related to the actual error magnitude as implied by the

relatively high correlation coefficients achieved.
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6.3.3 The Kullback-Leibler Divergence and the Mode Collapse Problem

In this section, an ablation study is presented, addressing the influence of the KL divergence on the

results of the probabilistic variant of GC-Net if considered in the associated optimisation objective

(cf. Eq. 4.19). As described in Section 2.3.2, the KL divergence works as a regularisation term,

aiming to minimise the difference between the exact posterior distribution associated to the network

parameters and the learned variational distribution used to approximate this posterior. However,

as for most regularisation terms, the KL divergence is not necessary for a BNN to converge, which

holds also true for the particular case of the probabilistic variant of GC-Net presented in this work.

Why the integration of the KL divergence into the loss function is nevertheless a crucial part of

the proposed approach is discussed in the following.

Analysing the quantitative comparison of the variants that consider or neglect the KL divergence

in the loss function, respectively, shown in Table 6.6, it can be seen that the consideration of the

KL divergence has a negative impact on the quality of the disparity estimates as indicated by

the higher pixel error rates and the slightly increased mean absolute error. In contrast, the root

mean squared error is equal for both variants, which in combination with the previous observations

indicates that the variant neglecting the KL divergence suffers from a higher amount of large errors.

From a general perspective, this negative influence on the quality can be explained by the fact that

the consideration of the KL divergence requires to find a trade-off between the L1-norm used

to minimise the disparity error and the deviation of the variational distribution from the exact

posterior to obtain a minimal loss. More precisely, this behaviour may indicate that the choice

of the prior distribution is not optimal, because the KL divergence is computed using the ELBO

which in turn relies directly on the specified prior distribution. However, for a deeper insight into

the effect of the prior distribution chosen, additional investigations are necessary that are to be

carried out in future work.

In addition to the disparity error evaluated based on the different metrics described in Sec-

tion 5.4.1, Table 6.6 further contains the average of the standard deviations learned as part of the

variational distribution from which the network parameters of the probabilistic convolutional layers

are randomly drawn. Comparing these average values belonging to the variants that consider or

neglect the KL divergence, respectively, it is obvious that the value corresponding to the latter

variant is significantly smaller and shows a clear deviation from the prior distribution which has a

standard deviation of one. Consequently, the distribution corresponding to the variant that neglects

the KL divergence is very narrow, in the literature sometimes also referred to as mode collapse.

Sampling from such a narrow distribution, the network parameters obtained for different samples

are rather similar which leads to only minor deviations in the disparity estimates computed based

on these parameters. Thus, the epistemic uncertainty obtained with the model that neglects the

KL divergence if often very low.

That such a mode collapse is an actual problem can be seen in Figure 6.15: While the epistemic

uncertainty computed based on the variant that considers the KL divergence allows to identify the

majority of erroneous disparity estimates, this is not the case for the variant that neglects the KL

divergence. The latter one clearly under-estimates the disparity error, resulting in small epistemic
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Table 6.6: Quantitative results on the effect of the KL divergence in the optimisation objective.

The table shows the results of the probabilistic variant of GC-Net proposed, considering or ne-

glecting the KL divergence in the loss function, evaluated on the Sceneflow dataset with respect

to the disparity error metrics described in Section 5.4.1. In the last column, the average over the

learned standard deviations σi describing the variational distribution (see Sec. 4.3.2) is listed.

Pixel Error Rate [%]
MAE [px] RMSE [px] Avg. σ

τ = 1 τ = 3 τ = 5

with KL divergence 12.1 5.6 3.7 0.9 3.7 0.73

without KL divergence 8.0 3.5 2.4 0.7 3.7 0.05

(a) Reference image (b) Error without KL div. (c) Error with KL div.

(d) Reference disparity (e) Uncertainty without KL div. (f) Uncertainty with KL div.

Figure 6.15: Qualitative evaluation of the effect of the KL divergence on the estimated epistemic

uncertainty. The figure shows an example from the Middlebury dataset, comparing the epis-

temic uncertainty maps estimated based on the probabilistic variant of GC-Net presented in this

work, while the KL divergence is either considered or neglected in the optimisation objective.

In addition, the absolute differences between the estimated and the reference disparities are

shown as error maps. While the reference disparity map shows small disparities in dark blue

and large ones in orange, the error and uncertainty maps show small values in white and large

ones in dark red / black. Analysing the uncertainty maps with respect to the corresponding

disparity error maps, it can be seen that a majority of erroneous pixels can be identified based

on the uncertainty map resulting from the variant that considers the KL divergence, while this

is not the case for the variant that neglects the KL divergence.

uncertainty values. This finding is further supported by the calibration plot shown in Figure 6.16,

which sets into relation the probability of a disparity estimate with the frequency of its actual

occurrence. In this context, the probability is determined based on the estimated uncertainty, used

to parameterise a Gaussian distribution over the disparity error, thus posing an expectation on the

error distribution. Consequently, an optimal solution is achieved if the probability and frequency

match, resulting in a diagonal in the calibration plot. Analysing this calibration plot, it can be

seen that the variant that neglects the KL divergence leads to a frequency of disparity errors that is
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Figure 6.16: Illustration of the uncertainty calibration. The calibration plot shows the probability of

the disparity error according to the predicted uncertainty on the x-axis in relation to the actual

error distribution on the y-axis. Evaluated on the test samples of the Sceneflow dataset, the

figure illustrates that the consideration of the KL divergence in the optimisation objective is

crucial to obtain well-calibrated uncertainty estimates. On the other hand, if the KL divergence

is neglected, the network tends to be overly optimistic with respect to the uncertainty, predicting

values that are often significantly too small.

always significantly higher than the corresponding probability. Having in mind that the probability

is defined based on a Gaussian, this behaviour shows that many more large disparity errors occur

than implied by the uncertainty estimation. Thus, the variant that neglects the KL divergence

tends to predict epistemic uncertainty values that are significantly too small. On the other hand,

the variant that considers the KL divergence results in a graph that is very close to the diagonal,

indicating that this model is well calibrated and predicts uncertainty values that match the actual

disparity error in most cases.

6.4 Discussion

To close the chapter on the experimental results, in this section, the major findings of the investiga-

tions carried out are summarised, remaining open problems that became evident in the analysis of

the results are discussed and the objectives of the experimental evaluation described in Section 5.1

are reviewed regarding their fulfilment. Moreover, the strengths and limitations identified on a

theoretical basis in the methodology chapter are validated based on the practical evaluation.

Aleatoric Uncertainty Estimation

The first objective of the experiments was to evaluate the suitability of the proposed CVA-Net

architecture to serve as functional model for the task of aleatoric uncertainty estimation. As

demonstrated by the results of the experiments described in Section 6.1, this objective can be con-

sidered as fulfilled. The comparison against state-of-the-art methods from the literature has shown



6.4 Discussion 97

that CVA-Net is able to achieve results of comparable quality and even surpasses these methods on

some of the configurations evaluated. In this context, superior accuracy is particularly observable

in noisy regions of a disparity map, caused, for example, by weak texture in the reference image or

by occlusion. This behaviour further illustrates the advantages of processing cost volume-based in-

formation as realised by CVA-Net in comparison to relying on disparity map-based features: While

several ambiguities that occur in the matching process due to such commonly challenging scenarios

cannot be identified based on the information contained in the disparity map only, they may be

obvious in the corresponding cost curves, e.g., in form of a wide and flat global minimum. Depth

discontinuities, on the other hand, remain an open problem. CVA-Net as well as the other methods

evaluated, often fail to estimate the uncertainty of pixels located close to such depth discontinuities

correctly, whereas CVA-Net seems to be especially sensitive regarding this kind of situation, notice-

able by the generally larger margin of incorrect estimates around depth discontinuities. However,

the evaluation of the stochastic models presented for the task of aleatoric uncertainty estimation

(see Sec. 6.2) has revealed that the use of CVA-Net in combination with probabilistic models allows

to quantify the uncertainty reasonably well also for pixels located close to depth discontinuities.

It can thus be concluded that the limitation of CVA-Net, handling depth discontinuities, is only

partially caused by the architecture or the character of the features used, but also reinforced by

the formulation of the uncertainty quantification task as confidence estimation via binary classifi-

cation. Finally, the experimental results have shown that the concept of learning to estimate the

uncertainty of a disparity assignment based on its cost curve generalises well over different datasets

and can successfully be applied to different dense stereo matching methods.

The second objective of the experimental evaluation addressed the analysis of the described

stochastic models for estimating the aleatoric uncertainty. As described on a theoretical basis in

Section 4.2.2 and validated with experimental results in Section 6.2, a uni-modal distribution, such

as a Laplacian, is only of limited suitability to represent the uncertainty associated to a pixel’s

depth estimate. While the usage of such a distribution is reasonable in the context of pixels for

which no ambiguities exist regrading the identification of the correct correspondence, it does not fit

to the actual error distributions in weakly textured or occluded regions of an image. The proposed

combination with a uniform distribution, however, allows to overcome this limitation by explicitly

addressing effects that cause a deviation from the assumption of a strictly uni-modal distribution.

As demonstrated by the experimental results, this approach allows for a better quantification of the

uncertainty, in such challenging regions as well as in total. In addition, two possibilities to combine

the two types of probability distributions are proposed: The first variant is purely data driven, i.e.,

it learns the parameters characterising the two distributions as well as their weighting from training

data. The second variant also learns the parameters of the distributions from training data, but

ties the decision of which type of distribution to use for a particular pixel to scene characteristics.

Comparing these two variants, the experimental results revealed that the combination of a data

driven with a model-based approach as realised by the second variant leads to superior performance,

observable for all evaluated configurations. Finally, it has to be noted that while the combination

of a Laplace and a uniform distribution is sufficient to represent the uncertainty associated to

the majority of pixels accurately, some cases remain for which this combination is not optimal, for

example, pixels that are part of a repetitive pattern or that are located close to depth discontinuities.



98 6 Results and Discussion

While the latter case was also evaluated in the experiments conducted, showing results with good

accuracy, it is to be expected that the usage of multi-modal distributions further improves the

quality of the uncertainty estimates in such areas.

Epistemic and Joint Uncertainty Estimation

After the functional and the stochastic model developed for the purpose of aleatoric uncertainty es-

timation are examined in the first two sections of the experimental results, the third section focuses

on the BNN proposed to estimate epistemic uncertainty and on the combination with CVA-Net

to allow for a joint estimation of aleatoric and epistemic uncertainty. The experimental results

presented in this section demonstrate the advantages of jointly estimating aleatoric and epistemic

uncertainty in the context of dense stereo matching. As shown in Figure 6.11, the mean absolute

disparity error can be halved for all datasets evaluated if only 10% of the pixels having assigned the

highest uncertainties are discarded. This shows the ability of the proposed approach to identify the

majority of erroneous disparity estimates correctly and to put them in a relative order that properly

reflects the magnitude of their associated disparity error. In this context, the importance of the

consideration of epistemic uncertainty is to be emphasised, in particular if a relevant domain gap

exists between training and test data. While aleatoric uncertainty alone does not allow to infer the

disparity error from the estimated uncertainty in such a scenario properly, epistemic uncertainty

shows a strong correlation with the disparity error for the majority of pixels. However, also the

estimation of aleatoric uncertainty contributes to the assessment of the overall uncertainty associ-

ated to a certain disparity estimate, as particularly shown by the superior correlation coefficients

of the variant that estimates aleatoric and epistemic uncertainty jointly.

Despite these convincing results, the experimental evaluation also revealed some challenges that

remain at least partially open and pose promising directions for future research. Comparing the

results of the aleatoric uncertainty evaluation discussed in Section 6.2 and the results on the aleatoric

uncertainty obtained in the context of the GC-Net-based experiments analysed in Section 6.3.2,

it can be seen that the quality of the uncertainty estimates decreases with an increase in the

accuracy of the disparity estimates originating from different dense stereo matching methods. It

is to be assumed that this behaviour is at least partially caused by the imbalanced distribution

of the disparity error in the training samples, leading to aleatoric uncertainty estimates that are

systematically too small. In addition, the analysis of the influence of the consideration of the

KL divergence in the loss function has shown that the joint estimation of disparity and epistemic

uncertainty requires a trade-off that has a slightly negative impact on the accuracy of the disparity

estimates (see Sec. 6.3.3). In turn, these results show that the presented BNN has the potential to

further improve the disparity estimation capability. Since the KL divergence measures the deviation

of the variational distribution from the exact posterior using the ELBO (cf. Sec. 2.3.2) which itself

relies on the assumed prior for the variational distribution, it can be expected that a better choice

for the prior positively affects the approximation of the posterior and thus also the overall results.

In this context, especially the ability to consider correlations between individual parameters of a

network are an exciting direction for future research.
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Disparity Estimation

While the major objective of this work is to enable the estimation of uncertainty in the context of

dense stereo matching, this should of course not be achieved at the expense of compromising the

disparity estimation quality. Thus, it is desired that the methodology proposed allows to obtain

disparity maps with a quality that is at least comparable to the one of the baseline. In general, it can

be stated that this objective is achieved as demonstrated by the results discussed in Section 6.3.1.

With respect to the mean disparity error and the number of large errors, the proposed probabilistic

variant of GC-Net shows superior performance on several of the configurations evaluated. However,

it must also be noted that the applied sampling strategy, or more precisely the aggregation scheme

used to combine the disparity estimates of the individual Monte Carlo samples, has a slightly

negative impact on the quality. These findings are consistent over the different datasets evaluated

and can be observed independent of whether the deterministic and probabilistic variants are trained

on synthetic data only or additionally fine-tuned on real data.

Practical Limitations

As demonstrated by the results of the experimental evaluation, the presented methodology achieves

state-of-the-art accuracy with respect to the estimated uncertainty and fulfils the objectives stated

in the context of this thesis. However, CVA-Net, the architecture presented for the purpose of

aleatoric uncertainty estimation, as well as the probabilistic adaptation of GC-Net are mainly based

on 3D convolutions which leads to a relatively high computational burden and a large memory

footprint. In addition, the BNN-based approach followed to enable the estimation of epistemic

uncertainty, further increases the training and inference time compared to the deterministic baseline

(cf. Tab. 6.4). Together with the already higher number of epochs needed for the training procedure

to converge, the training time is enlarged significantly. While the proposed reduction of the model

size using a lower number of filter channels per layer helps to mitigate this effect, it is still clearly

noticeable. While it can be argued that the training time is only of minor importance for the

practical relevance of a method, also the inference time is increased, especially due to the sampling

approach employed to approximate the exact posterior distribution. However, as described in

Section 6.3.1, the implementation of the method presented was not explicitly optimised with the

goal of minimising runtime or memory consumption and several promising options exist to overcome

these practical limitations in future work.
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7 Conclusions and Outlook

Addressing the task of uncertainty estimation in the context of dense stereo matching, a holistic

approach is presented in this thesis that allows depth to be jointly estimated along with its associ-

ated uncertainty based on a stereo image pair. In this last chapter, conclusions are drawn regarding

the presented approach as well as the experimental results. After a brief summary of strengths and

limitations of the individual components and the approach as a whole, remaining open issues are

identified, providing an outlook on promising future research topics.

Inspired by the convincing results of learned uncertainty measures on the one hand and uncer-

tainty estimation based on features from cost curves on the other hand as described in the literature,

in this thesis, a novel CNN architecture called CVA-Net is developed to learn the estimation of

aleatoric uncertainty in the context of dense stereo matching based on 3D cost volumes. It is

argued that such cost volumes contain additional information compared to disparity maps, which

allows to estimate the associated uncertainty more accurately, in particular for pixels without a

distinct correspondence, for example, due to weak texture or occlusions in the reference image. In

addition to this architecture, also an approach to use mixture distributions to describe the aleatoric

uncertainty is presented. With this approach, the limitations of confidence estimation, being un-

able to quantify the uncertainty in pixels or metric units, and uni-modal probability distributions,

assuming a unique optimum in the matching process, can be overcome. More precisely, it is pro-

posed to combine a Laplace and a uniform distribution, following two different concepts, either

learning the combination of these two distributions based on training data or deciding per pixel

which distribution to be used based on scene characteristics. Based on the experimental results, it

can be concluded that the latter concept, combining a data-driven strategy to learn the prediction

of the distribution parameters with a model-based approach used to tie the type of distribution to

certain assumptions on the scene properties, is the means of choice. In general, the usage of such

a mixture distribution clearly improves the quality of the uncertainty estimates, both in regions

that violate the assumption implied by uni-modal distributions and overall. While both the CNN

architecture as well as the uncertainty models presented for the task of aleatoric uncertainty es-

timation demonstrate convincing results and surpass state-of-the-art methods from the literature

in the majority of configurations evaluated, some limitations remain and pose promising starting

points for potential future works: Depth discontinuities are known to be particularly challenging

in the context of dense stereo matching and have also demonstrated to be characterised as such

for the task of aleatoric uncertainty estimation. To overcome this problem, it may be beneficial

to additionally learn features on the reference image, allowing CVA-Net to better localise depth

discontinuities and to identify foreground fattening effects based on image gradients. The addi-

tional consideration of such 2D features from the reference image or the disparity map could also

allow to enlarge the receptive field without increasing the computational burden as much as purely
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operating on three dimensional data. From the perspective of the stochastic model, multi-modal

distributions, such as Gaussian mixture models, may allow to quantify the uncertainty in these

regions more accurately and further allow for a higher flexibility, which may also be beneficial

for other challenging scenarios, such as repetitive patterns. Another possible direction for further

research on the topic of aleatoric uncertainty estimation could address the propagation of uncer-

tainty through a neural network. This would especially be interesting if prior information on the

uncertainty is available, for example, obtained during the camera calibration, and could thus be

considered in the uncertainty estimation process.

To additionally allow for the estimation of epistemic uncertainty, the use of a BNN is proposed

in this thesis. For this purpose, a conventional deterministic CNN architecture from the literature,

which has already proven to be well-suited for the task of dense stereo matching, is transformed into

a Bayesian representation, using probabilistic convolutional layers which are trained via variational

inference. At test time, the characteristics of the distribution associated to the disparity estimates

is approximated via Monte Carlo sampling. In contrast to other approaches for the estimation of

epistemic uncertainty, such as Monte Carlo dropout or ensemble learning, the usage of a BNN pro-

vides a higher flexibility with respect to the definition of prior distributions and the consideration

of correlations between the parameters of a neural network. However, this theoretical freedom is

limited due to practical aspects such as the number of trainable parameters, which is increased

significantly if covariances are considered in the estimation, or the complexity of the resulting vari-

ational distribution which is to be optimised during the training process. Due to these limitations,

a naive mean-field approximation with a Gaussian prior and a diagonal covariance matrix is used as

stochastic model for the proposed BNN architecture in this work. While the definition of a suitable

prior for the variational distribution is not a trivial task, it plays a decisive role for the accuracy

of the depth and uncertainty estimates obtained with such a BNN, as implied by the ablation

study on the relevance of the KL divergence. Consequently, both, further investigations on the

definition of the prior and the consideration of correlations, for example, extending the mean-field

approximation to a general formulation, are exciting directions for future research. However, the

experimental results have nevertheless clearly shown the advantages of estimating the epistemic

uncertainty, especially if a relevant domain gap exists between training and test data. While the

exclusive consideration of aleatoric uncertainty is sufficient to detect erroneous disparity estimates

in the absence of such a domain gap, it does not allow to capture the model uncertainty which

typically dominates the uncertainty arising from the data given a strong difference in the char-

acteristics of training and test data. Overall, the joint estimation of both aleatoric and epistemic

uncertainty has demonstrated the best results and is thus the means of choice. However, drawbacks

of the proposed approach are the enlarged memory footprint, the higher number of parameters to

be trained as well as the significantly increased training and inference time. To address these issues,

in this work it is proposed to only transform a subset of all convolutional layers into a probabilistic

representation and to reduce the number of filter channels in all convolutional layers. Both adap-

tations together lead to a memory footprint and a number of trainable parameters of the proposed

BNN that are comparable to the deterministic baseline, without having a negative impact on the

accuracy of the disparity or uncertainty estimates. Yet, the problem of the increased training and

inference time remains, and particularly the latter is highly relevant if the proposed approach is to
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be incorporated into any practical application as long as hardware limitations prevent a parallel

computation of the individual Monte Carlo samples. Based on the observation that a large share of

the inference time is caused by the sampling procedure used, the investigation of approaches that

allow to obtain a good approximation of the exact posterior distribution with a reduced number of

Monte Carlo samples or without relying on any sampling approach at all are a promising direction

for future work.

Besides the specific suggestions for future work discussed so far, also more general possibilities

exist to extend the concept of uncertainty estimation presented in this thesis. While the presented

approach is limited to processing stereo image pairs consisting of two images, also an extension to

multi-view stereo is conceivable. Especially in the context of an actual 3D reconstruction (rather

than the 2.5D representation of the scene geometry provided by a disparity or depth map), such

an extension might be of interest to improve the fusion of depth information defined with respect

to different reference images or to estimate the uncertainty associated to a surface reconstruction.

In addition, also temporal aspects may be taken into account, extending the approach presented to

process pairs of image sequences instead of single image pairs, which would build the basis for the

estimation of uncertainty associated to optical flow or scene flow. Finally, addressing the estimation

of semantic information and dense stereo matching together has shown to improve the results of

both of these tasks, which makes it also interesting to incorporate semantic information into the

presented uncertainty estimation approach. The combination of uncertainties related to continuous

variables such as depth and categorical ones such as semantic labels is a challenging task, indeed,

and worth investigating.

In conclusion, it can be stated that with the methodology presented in this thesis, the objectives

set out at the beginning are achieved. The developed concept for estimating the uncertainty in

the context of dense stereo matching can be seen as a further step towards the comprehensive

understanding of this topic and can serve as a strong foundation for promising future research

addressing the discussed possibilities.
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